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Preface

The main goal of a workshop is to bring together international leading specialists in
a certain field of research, as well as young mathematicians interested in the subject,
with the idea of presenting and discussing recent results, analyzing new trends and
techniques in the area and, in general, of promoting scientific collaboration. This has
also been the aim of the INAAM Workshop on “Different Notions of Regularity for
Functions of a Quaternionic Variable” that took place in Rome, 13—17 September
2010, at the Istituto Nazionale di Alta Matematica “Francesco Severi”.

We believe that a good way to have a perception of the impact of a meeting in the
interested scientific community is to trace research results that are follow-ups to the
lectures and discussions which took place during the event. This is the reason why
this volume collects recent and new results in the field of Quaternionic and Clifford
Analysis, which are connected to the topic covered during the INdAM Workshop in
Rome, 2010.

It is a great pleasure to thank the Istituto Nazionale di Alta Matematica
“Francesco Severi”, its President Vincenzo Ancona and its entire staff, that made
the workshop and this follow-ups volume possible. Our most sincere gratitude goes
to Francesca Bonadei, whose highly professional help permitted this publication.

Florence, Italy Graziano Gentili
Milan, Italy Irene Sabadini
Mexico D.F., Mexico Michael Shapiro
Ghent, Belgium Franciscus Sommen

Orange, CA, USA Daniele C. Struppa
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Regular vs. Classical Mobius Transformations
of the Quaternionic Unit Ball

Cinzia Bisi and Caterina Stoppato

Abstract The regular fractional transformations of the extended quaternionic space
have been recently introduced as variants of the classical linear fractional transfor-
mations. These variants have the advantage of being included in the class of slice
regular functions, introduced by Gentili and Struppa in 2006, so that they can be
studied with the useful tools available in this theory. We first consider their general
properties, then focus on the regular Mobius transformations of the quaternionic
unit ball B, comparing the latter with their classical analogs. In particular we study
the relation between the regular Mobius transformations and the Poincaré metric
of B, which is preserved by the classical Mobius transformations. Furthermore, we
announce a result that is a quaternionic analog of the Schwarz-Pick lemma.

1 Classical Mobius Transformations and Poincaré Distance on
the Quaternionic Unit Ball

A classical topic in quaternionic analysis is the study of Mobius transformations.
It is well known that the set of linear fractional transformations of the extended
quaternionic space H U {oo} = HP!

G= {g(q) =(aq+b) (cq+ad)!

a b
|:C d:|eGL(2,]HI)} (1
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2 C. Bisi and C. Stoppato

is a group with respect to the composition operation. We recall that GL(2, H) de-
notes the group of 2 x 2 invertible quaternionic matrices, and that SL(2, H) denotes
the subgroup of those such matrices which have unit Dieudonné determinant (for
details, see [3] and references therein). It is known in literature that G is isomorphic
to PSL(2,H) = SL(2, H)/{£Id} and that all of its elements are conformal maps.
Among the works that treat this matter, even in the more general context of Clifford
Algebras, let us mention [1, 10, 19]. The alternative representation

G= {FA(cn =(gc+d)"" - (ga+b)

a c¢
A_|:b d:|eGL(2,H)} 2)
is also possible, and the anti-homomorphism GL(2, H) — G mapping A to F4 in-
duces an anti-isomorphism between PSL(2, H) and G. The group G is generated by
the following four types of transformations:

(i) Li(q) =q +b,bc

(i) La(q)=q-a,acH, la|=1;
(iii) L3(@)=r-g=gq-r,r eR*\ {0}
(iv) La(q)=q~ "

Moreover, if .; is the family of all real i-dimensional spheres, if &; is the family
of all real i-dimensional affine subspaces of H and if .%; = .%; U &?; then G maps
elements of .%; onto elements of .%;, fori = 3, 2, 1. At this regard, see [20]; detailed
proofs of all these facts can be found in [3].

The subgroup Ml < G of (classical) Mébius transformations mapping the quater-
nionic open unit ball

B:{qu||q|<l}

onto itself has also been studied in detail. Let us denote H = | (1) 0 ]and

Sp(1,1) = {C € GL(2,H) | C'HC = H} C SL(2, H).

Theorem 1 An element g € G is a classical Mobius transformation of B if and only
ac

ifg(g) =(qc +d) . (ga + b) with [b d] e Sp(1, 1). This is equivalent to

g@)=v"'(1—qg0) "' (g — qo)u

for some u,v € 0B, qo € B.

For a proof, see [3]. Hence, M is anti-isomorphic to Sp(1, 1)/{%Id}. Since G
leaves invariant the family .%] of circles and affine lines of HI, and since the elements
of G are conformal, the group M of classical Mobius transformations of B preserves
the following class of curves.

Definition 1 If g; # g2 € B are R-linearly dependent, then the diameter of B
through ¢q1, g2 is called the non-Euclidean line through g and g;. Otherwise, the
non-Euclidean line through ¢ and ¢, is defined as the unique circle through g1, g2
that intersects 3B = S* orthogonally.
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Theorem 2 The formula

1+ 11— q1g2" g —612|> 3)

1 =1 —=q14217 g1 — g2l
(for q1, g2 € B) defines a distance that has the non-Euclidean lines as its geodesics.
The elements of Ml and the map q — q are all isometries for 8.

1
SB(q1,q2) = 510g<

We refer the reader to [2]; a detailed presentation can be found in [3].

So far, we mentioned properties of the classical Mobius transformations that
are completely analogous to the complex case. However, the analogy fails on one
crucial point. The group M is not included in the best known analog of the class
of holomorphlc functlons the set of Fueter regular functions, i.e., the kernel of
3xO +is— 3x1 + ja axz (see [18]). For instance, none of the rotations g — aq
witha e H, a #0 is Fueter regular, nor are any of the transformations listed as (i),
(ii), (iii), (iv) in our previous discussion The Variant of the Fueter class considered
in [11], defined as the kernel of - 8 stigy dxl +j E — k= IS includes part of the group,
for instance the rotations g +— qb for b € H, b # 0, but not all of it (for instance,
the left multiplication g — kg by the imaginary unit k is not in the kernel, nor is
g—q".

A more recent theory of quaternionic functions, introduced in [7, 8], has proven
to be more comprehensive. The theory is based on the next definition.

Definition 2 Let £2 be a domain in H and let f : £2 — H be a function. For all I €

={q 6H|q2= —1},letusdenote L; =R+ IR, 2; =2 N L; and f; Zf\rz,
The function f is called (Cullen or) slice regular if, for all I € S, the restriction f
is real differentiable and the function 9; f : £2; — H defined by

_ 1/0 0
fx+Iyy=5\ =+ 1—)filx+1y)
2\ dx ay
vanishes identically.

By direct computation, the class of slice regular functions includes all of the gen-
erators we listed as (i), (ii), (iii), (iv). It does not contain the whole group G (nor its
subgroup M), because composition does not, in general, preserve slice regularity.
However, [17] introduced the new classes of (slice) regular fractional transforma-
tions and (slice) regular Mobius transformations of B, which are nicely related to
the classical linear fractional transformations. They are presented in detail in Sects. 2
and 3.

One of the purposes of the present paper is, in fact, to compare the slice regu-
lar fractional transformations with the classical ones. Furthermore, we take a first
glance at the role played by slice regular Mobius transformations in the geometry
of B. In Sect. 4, we undertake a first study of their differential properties: we prove
that they are not, in general, conformal, and that they do not preserve the Poincaré
distance ég. In Sect. 5, we announce a result of [4]: a quaternionic analog of the
Schwarz-Pick lemma, which discloses the possibility of using slice regular func-
tions in the study of the intrinsic geometry of B.
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2 Regular Fractional Transformations

This section surveys the algebraic structure of slice regular functions, and its appli-
cation to the construction of regular fractional transformations. From now on, we
will omit the term ‘slice’ and refer to these functions as regular, tout court. Since
we will be interested only in regular functions on Euclidean balls

B(0,R)={q €H|lq| <R},

or on the whole space H = B(0, +00), we will follow the presentation of [6, 16].
However, we point out that many of the results we are about to mention have been
generalized to a larger class of domains in [5].

Theorem 3 Fix R with 0 < R < 400 and let D be the set of regular functions
f : B(0,R) — H. Then Py coincides with the set of quaternionic power series
f(@) =3 ,enq"an (with a, € H) converging in B(0, R). Moreover, defining the
regular multiplication * by the formula

(anan>*(anbn)zzqnzakbn—kv 4
neN neN

neN k=0

we conclude that P is an associative real algebra with respect to +, *.

The ring Y admits a classical ring of quotients

Lr={f""xg|f g€ Pr, f#0].
In order to introduce it, we begin with the following definition.
Definition 3 Let f(q) = )_,cn¢"an be a regular function on an open ball B =

B(0, R). The regular conjugate of f, f¢: B — H,isdefinedas f°(¢) = _,cn 9" an
and the symmetrization of f,as f* = f* fS = fx* f.

Notice that f*(q) =,y q" T Withr, =Y }_o axan—i € R. Moreover, the zero
sets of f¢ and f* have been fully characterized.

Theorem 4 Let f be a regular function on B = B(0, R). For all x,y € R with
x + yS C B, the regular conjugate f° has as many zeros as f in x + yS. Moreover,
the zero set of the symmetrization f° is the union of the x + yS on which f has a
zero.

We are now ready for the definition of regular quotient. We denote by
Zi=1{q € B | h(q) =0}

the zero set of a function A.
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Definition 4 Let f,g: B = B(0, R) — H be regular functions. The left regular
quotient of f and g is the function f~* x g defined in B \ Z%s by

T xg@) =@ " fxg(q). (5)

Moreover, the regular reciprocal of f is the function f~* = f~* % 1.

Left regular quotients proved to be regular in their domains of definition. If we
set (f*xg)x (W™ k)= (fh*)"' f% gxh¢«k then (L, +, %) is a division
algebra over R and it is the classical ring of quotients of (Zg, +, %) (see [14]). In
particular, £ coincides with the set of right regular quotients

gxh (@) =h" (@ g xh().
The definition of regular conjugation and symmetrization is extended to £y setting

(f7* %) =g (f)7 and (f ™+ 8)°(q) = f*(¢)"'¢* (). Furthermore, the
following relation between the left regular quotient f~* % g(g) and the quotient

f(q)"'g(g) holds.

Theorem 5 Let f, g be regular functions on B = B(0, R). Then
f*g(q):{o . iff(é]).ZO,

F@)e(f (@)~ qf(q) otherwise.

Setting Tr(q) = f¢(q)"'qf¢(q) forallq € B\ Zfs C B\ Zpe,

Fxe@) = F(Tr@) ' e(Tr (@), 7

forall g € B\ Zys. For all x,y € R with x + yS C B\ Zs, the function Ty
maps x + yS to itself (in particular T¢(x) = x for all x € R). Furthermore, Ty is a
diffeomorphism from B\ Zys onto itself, with inverse Tye.

(6)

We point out that, so far, no simple result relating g = A~*(q) to g(g)h(g)~" is
known.

This machinery allowed the introduction in [17] of regular analogs of linear frac-
tional transformations, and of Mdbius transformations of B. To each A = [Z 2] S
GL(2, H) we can associate the regular fractional transformation

Falq@)=(gc+d) " x(qa+Db).

By the formula (gc + d)™™ % (qa + b) we denote the aforementioned left regular
quotient f~*x g of f(q) =qgc+d and g(q) = ga + b. We denote the 2 x 2 identity
matrix as Id.

Theorem 6 Choose R > 0 and consider the ring of quotients of regular quater-
nionic functions in B(0, R), denoted by L. Setting

fA=(fc+d)™*x(fa+b) ®)

forall f € £ and forall A= [Z ;] € GL(2, H) defines a right action of GL(2, H)
on ZLr. A left action of GL(2, H) on Zr is defined setting

Al f=(axf+b)x(cxf+d)* 9)
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The stabilizer of any element of £ with respect to either action includes the nor-
mal subgroup N = {t -1d | t € R\ {0}} < GL(2, H). Both actions are faithful when
reduced to PSL(2,H) = GL(2,H)/N.

The statements concerning the right action are proven in [17], the others can be
similarly derived. The two actions coincide in one special case.

Proposition 1 For all Hermitian matrices A = [Z g] witha,d e R, b e H,

FA=(fb+d) % (fa+b)=(a*f+b) x(bx* f+d)*=A"f

Proof We observe that
(fb+d)y s« (fa+b)y=(axf+b)x(bxf+d)~*
if, and only if,
(fa+b)x(bx*f+d)=(fb+d)*(@ax*f+Db),
which is equivalent to

af xbx f 4+ |b|>f +adf +db=af xbx f +adf + |b|> f + db. O
In general, a more subtle relation holds between the two actions.

Remark 1 For all A € GL(2, H) and for all f € %, by direct computation
(f.A)° = A" f€.
As a consequence, if A € GL(2, H) is Hermitian then (f.A) = f€.A.
Interestingly, neither action is free, not even when reduced to PSL(2, H). Indeed,
the stabilizer of the identity function with respect to either action of GL(2, H)) equals
{c-1d|ceH\{0}},

a subgroup of GL(2,H) that strictly includes N and is not normal. As a conse-
quence, the set of regular fractional transformations

&={Fs|AcGL2,R)} ={Fa | AeSL2,R)},
which is the orbit of the identity function id = %14 under the right action of
GL(2, H) on %5, does not inherit a group structure from GL(2, H).

Lemma 1 The set & of regular fractional transformations is also the orbit of id
with respect to the left action of GL(2, H) on Zx.

Proof Let A = [Z 2] € GL(2,H), and let us prove that %4 = id.A can also be
expressed as C.id for some C € GL(2, H). If ¢ = 0 then

Falq)=d " x(qga+b)=(d"'a)xq+d'b,
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else

_ -1 -

Fa@) =T 14@)=(q—p) " x@qa+p)=[@q—p)] (@—p)*qa+p)
for some p, o, B € H. If p = x + Iy then there exists p € x + yS and y, § € H such
that (¢ — p) * (g + B) = (qy + ) * (¢ — p); additionally, (¢ — p)* = (¢ — p)’

(see [6] for details). Hence,
| -
Falq)=[(qg—DP)’] (qy+8)*(qg—p)
=@y +8* (=P = xq+8*@q—p
which is of the desired form. Similar manipulations prove that for all C € GL(2, H)),
the function C.id equals %4 = id.A for some A € GL(2, H). O

We now state an immediate consequence of the previous lemma and of Remark 1.

Remark 2 The set & of regular fractional transformations is preserved by regular
conjugation.

3 Regular Mobius Transformations of B

The regular fractional transformations that map the open quaternionic unit ball B
onto itself, called regular Mdbius transformations of B, are characterized by two
results of [17].

Theorem 7 Forall A € SL(2, H), the regular fractional transformation % 4 maps B
onto itself if and only if A € Sp(1, 1), if and only if there exist (unique) u € 0B, a € B
such that

Falg)=(1—qa)"" x(q —a)u. (10)
In particular, the set M ={f € & | f(B) = B} of the regular Mébius transforma-
tions of B is the orbit of the identity function under the right action of Sp(1, 1).

Theorem 8 The class of regular bijective functions f : B — B coincides with the
class O of regular Mobius transformations of B.

As a consequence, the right action of Sp(1, 1) preserves the class of regular bi-
jective functions from B onto itself. We now study, more in general, the effect of the
actions of Sp(1, 1) on the class

Reg(B,B) ={f:B— B| f is regular}.

Proposition 2 If f € Reg(B, B) then foralla € B
(I-fay " *(f-a)=(f—-ax1—axf)™" Y
Moreover, the left and right actions of Sp(1, 1) preserve Reg(B, B).
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Proof The factthat (1 — fa) ™ x(f —a) = (f —a)* (1 —ax* f)~* is a consequence
of Proposition 1.

Let us turn to the second statement, proving that for all a € B, u, v € 9B, the
function

f=v*x (= fa)y ™ = (f —au=@— fav) ™ *(f —au
isin Reg(B, B). The fact that foralla € B, u, v € 9B the function u x (f —a) * (1 —
ax* )~ xv™* belongs to Reg(B, B) will then follow from the equality just proven.
The function f is regular in B since & = v — fav has no zero in B (as a conse-
quence of the fact that |a| < 1, | f| < 1 and |v| = 1). Furthermore,

F=@=(foTwav) ' (foTy—au
=0 (1= (foTna) (foTyh —au=v""(Myo foThu

where Thﬂand M,(q) = (1 —qa)~'(q —a) map B to itself bijectively and u, v € 9B.
Hence, f =v "% (1 — fa) " * (f — a) *u € Reg(B, B), as desired. O

As a byproduct, we obtain that the orbit of the identity function under the left
action of Sp(1, 1) equals 1.

Proposition 3 If f € Reg(B, B) then its regular conjugate f belongs to Reg(B, B)
as well. Furthermore, f€ is bijective (hence an element of ) if and only if f is.

Proof Suppose f(p) =a € H\ B for some p =x + Iy € B. Then p is a zero of
the regular function f¢ — a. By Theorem 4, there exists p € x + yS C B such that
(f¢ —a)¢ = f —a vanishes at p. Hence, f(B) includes a € H \ B, a contradiction
with the hypothesis f(B) C B.

As for the second statement, f¢ is bijective if and only if, for all a € B, there
exists a unique p € B such that f°(p) = a. Reasoning as above, we conclude that
this happens if and only if for all a € B, there exists a unique p € B such that
f(p) =a. This is equivalent to the bijectivity of f. O

4 Differential and Metric Properties of Regular Mobius
Transformations

The present section is concerned with two natural questions:

(a) whether the regular Mdbius transformations are conformal (as the classical
Mobius transformations);

(b) whether they preserve the quaternionic Poincaré distance defined on B by for-
mula (3).
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For a complete description of the Poincaré metric, see [3]. In order to answer ques-
tion (a), we will compute for a regular Mobius transformation the series develop-
ment introduced by the following result of [15]. Let us set

Uxo+ S, 1) = {g € H | |(q — x0)* + 32| < r?}

for all xg, yo e R, r > 0.

Theorem 9 Let f be a regular function on §2 = B(0, R), and let U(xy +
oS, r) C £2. Then for each qo € xo + yoS there exists {A,}neny C H such that

F@ =Y [(q—x0*+3]"[A2 + (g — 90) Azn11] (12)
neN

forall g € U(xo + yoS, r). As a consequence,

ﬁ( )_hmf(qo+tv)—f(qo)
v 10710 t

=vA1 + (qov — vg0) A2 (13)
forallv e T, 2 =H.

If go € L and if we split the tangent space T;;2 =HasH=L; ® L+, then the
differential of f at go acts by right multiplication by A on Lf and by right multi-
plication by A1 + 2Im(go) A2 on L;. Furthermore, if for all go € §2 the differential
quotient Ry, f is defined as

Ry f(@) = (g —q0) " * (f (@) — f(qo0))

then the coefficients of (12) are computed as Az, = (Rg,Ryy)" f(go) and A,y =
Rqo (Réo Rqo)n f(éfo) .
Let us recall the definition of the Cullen derivative 0. f, given in [8] as

1/0 Bl
Oefx+Iy)y=z|——1—|f(x+1y) (14)
2\ dx ay
for I €8S, x, y € R, as well as the definition of the spherical derivative
o f(q) = (2Im(@)) " (f (@) — (@) (15)

given in [9]. We can make the following observation.

Remark 3 1If f is a regular function on B(0, R) and if (12) holds then o, f(qo) =
Ry, f(qo) = A1 +21Im(qo) Az and 85 f(q0) = Ry, f(q0) = Ay

In the case of the regular Mobius transformation
May(q) = (1 —qgo)" * (g —q0) = (q — qo0) * (1 —gqgo) ™,

clearly Ry,.#4,(q) = (1 — qgo)™*, so that we easily compute the coefficients A,,.

Proposition 4 Let gy = xo + yol € B. Then the expansion (12) of .#y, at qo has
coefficients
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éZn—2
A1 = 0 ——, (16)
S A O R (7 L
-2n—1
99
App = - (17)
"= lgoP) (1 - gD
foralln > 1. As a consequence, for all v € H,
8%% o —1 - C?o
——(qo)=v(l —¢q + (qov — vq0) —-. (18)
ov (1=40) (1 —lgo (1 — 33

Proof We have already observed that Ry, .#,,(q) = (1 — ggo)~*, so that A =
RyyMqy(Go) = (1 — G3)~". Moreover,
Ry Ryg- 4y (q) = (q — Go) ™" # [Ryy- g (9) — A1]
=(q —q0) " *[(1 —qqo) ™" — A{]
=(1-q30) "% (g — G0 " *[(1-4) — (1 — q40)] A1
= (1 —9q0) "qoA1.

The thesis follows by induction, proving that for all n > 1

(RgoRgo)" M 4y(q) = (1 — qG0) " GoAzn—1.,
Ry (RgyRy)" M4y (q) = (1 — q4o) ™" GoAan
by means of similar computations.

Formula (18) is a direct application of the previous formula (13) and of the above
computations. 0

We are now in a position to answer question (a).

Remark 4 For each qo = xo + Iyo € B \ R, the differential of .#,, at qo acts by
right multiplication by dc.#y,(q0) = (1 — Igo/»)~! on L; and by right multipli-
cation by d;.#4,(q0) = (1 — 3)~! on L. Since L;, L{ are both invariant and
0c Mgy (q0), 05 M4, (qo) have different moduli, .#, is not conformal.

We now turn our attention to question (b): whether or not regular Mobius trans-
formations preserve the quaternionic Poincaré metric on B described in Sect. 1 and
in [3]. We recall that this metric was constructed to be preserved by the classical
(nonregular) Mobius transformations of B. Thanks to Theorem 5, we observe what
follows.

Remark 5 1f My, (q) = (1 — qdo) ™ * (g — qo) and My, (q) = (1 — qdo) "' (g — qo)
then
My (q) = Mgy (T (q)) (19)

where T'(¢) = (1 — gqo) " 'q(1 — gqo) is a diffeomorphism of B with inverse func-
tion 7~'(¢) = (1 — ¢40)~'¢(1 — q40)-
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Thus, a generic regular Mobius transformation of B

q > My (@u = Mgy (T (q))u

(with u € dB) is an isometry if and only if T is. An example shows that this is not
the case.

Example 1 Let g = 170 for some Iy € S. Then T(q) = (1 — qqo)_lq(l —qqo) is
not an isometry for the Poincaré metric defined by formula (3). Indeed, if Jy € S,
Jo L Ip then setting g1 = % we have

88(q0, 1) > 88(T (q0), T(q1))

since
lg1 —qol* _ 12Jo—2Io]> _ 8
Il =q1gol*> |44 Jo- D> 17
while, computing T (go) = qo = 170 and T (q1) = 810“;#, we conclude that
IT(@) —qo” _ , |=30+5h _ 8

[T =T (g1)qol? 20 —51p- Jo|?> 25

Thus, the regular Mobius transformations do not have a definite behavior with re-
spect to §p: we have seen that T (hence .#,) is not an isometry, nor a dilation; the
same computation shows that 7~ !(¢) = (1 — ¢go) ~'q(1 — qgo) (hence .#,) is not
a contraction.

The previous discussion proves that the study of regular Mobius transformations
cannot be framed into the classical study of B, and that it requires further research.
On the other hand, the theory of regular functions provides working tools that were
not available for the classical Mobius transformations. These tools led us in [4] to
an analog of the Schwarz-Pick lemma, which we will present in the next section.

5 The Schwarz-Pick Lemma for Regular Functions

In the complex case, holomorphic functions play a crucial role in the study of the
intrinsic geometry of the unit disc A = {z € C| |z| < 1} thanks to the Schwarz-Pick
lemma [12, 13].

Theorem 10 Let f : A — A be a holomorphic function and let zg € A. Then

f (@) — f(zo0) o2z (20)
1= fGo)f@@)| ™ |11—20z
forall z € A and
| f'(z0)] - 1 @1

1—1f @) =~ 1—lz0*
All inequalities are strict for z € A\ {z0}, unless f is a Mobius transformation.
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This is exactly the type of tool that is not available, in the quaternionic case, for
the classical Mobius transformations. To the contrary, an analog of the Schwarz-
Pick lemma is proven in [4] for quaternionic regular functions. To present it, we
begin with a result concerning the special case of a function f € Reg(B, B) having
a zero.

Theorem 11 If f : B — B is regular and if f(qo) = 0 for some qo € B, then
| A** f(@)] <1 (22)
for all g € B. The inequality is strict, unless ,///(;0* * f(q) =u for some u € 9B.

A useful property of the moduli of regular products is also proven in [4]:

Lemma?2 Let f, g, h: B(0, R) — H be regular functions. If | f| < |g| then |h* f| <
|h * g|. Moreover, if | f| < |g| then |h % f| < |h*xg| in B\ Z.

The property above allows us to derive from Theorem 11 the perfect analog of
the Schwarz-Pick lemma in the special case f(gg) = 0. We recall that 9. f denotes
the Cullen derivative of f, defined by formula (14), while d; f denotes the spherical
derivative, defined by formula (15).

Corollary 1 If f : B — B is regular and if f(qo) = 0 for some qo € B then

\F(@)] < |44 (@)] (23)

for all g € B. The inequality is strict at all g € B\ {qo}, unless there exists u € 0B
such that f(q) = My, (q) - u at all g € B. Moreover, |Ry, f(g)| < |(1 — ggo) ™| in
B and in particular

1
‘3cf(6]0)} = 1_7|qo|2, (24)

|85 f (q0)| < (25)

I1—ggl

These inequalities are strict, unless f(q) = M#y,(q) - u for some u € IB.
Finally, the desired result is obtained in full generality.

Theorem 12 (Schwarz-Pick lemma) Let f : B — B be a regular function and let
qo € B. Then

|(f (@) — f(q0) * (1 — flgo) * f(@) | <|(q—q0)* (1 —Go*xq)~*
|Rp £ (@) % (1= fqo) * f(@) | = |(1 —qo*xq)™*| Q27)

in B. In particular,

. (26)

joc * (1= 7o) x f @) 7], < T (28)
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0@l _ 1
1= f5(qo)l ~ |1 — g3l
If f is a regular Mobius transformation of B then equality holds in (26), (27) for all

q € B, and in (28), (29). Else, all the aforementioned inequalities are strict (except
for (26) at qo, which reduces to 0 <0).

(29)

This promising result makes it reasonable to expect that regular functions play
an important role in the intrinsic geometry of the quaternionic unit ball. Therefore,
it encourages to continue the study of regular Mobius transformations and of their
differential or metric properties.
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Distributional Boundary Values of Harmonic
Potentials in Euclidean Half-Space

as Fundamental Solutions of Convolution
Operators in Clifford Analysis

Fred Brackx, Hendrik De Bie, and Hennie De Schepper

Abstract In the framework of Clifford analysis, a chain of harmonic and mono-
genic potentials in the upper half of Euclidean space R”*! was recently constructed,
including a higher dimensional analogue of the logarithmic function in the complex
plane. In this construction the distributional limits of these potentials at the boundary
R™ are crucial. The remarkable relationship between these distributional boundary
values and four basic pseudodifferential operators linked with the Dirac and Laplace
operators is studied.

1 Introduction

In a recent paper [7] a generalization to Euclidean upper half-space Rﬂ“ was con-
structed of the logarithmic function In z which is holomorphic in the upper half of
the complex plane. This construction was carried out in the framework of Clifford
analysis, where the functions under consideration take their values in the univer-
sal Clifford algebra Ry, 1 constructed over the Euclidean space R”*!, equipped
with a quadratic form of signature (0, m + 1). The concept of a higher dimensional
holomorphic function, mostly called monogenic function, is expressed by means of
a generalized Cauchy-Riemann operator, which is a combination of the derivative
with respect to one of the real variables, say xg, and the so-called Dirac operator 9 in
the remaining real variables (x1, x2, ..., x5 ). The generalized Cauchy-Riemann op-
erator D and its Clifford algebra conjugate D linearize the Laplace operator, whence
Clifford analysis may be seen as a refinement of harmonic analysis.

The starting point of the construction of a higher dimensional monogenic loga-
rithmic function, was the fundamental solution of the generalized Cauchy-Riemann
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operator D, also called Cauchy kernel, and its relation to the Poisson kernel and
its harmonic conjugate in R'jf“. We then proceeded by induction in two directions,
downstream by differentiation and upstream by primitivation, yielding a doubly in-
finite chain of monogenic, and thus harmonic, potentials. This chain mimics the
well-known sequence of holomorphic potentials in C (see e.g. [12]):

&1 1 k—1)!
—>---—>z(lnz—l)—>lnzi>——>——2—>---—>(—1)k71%
Z < 4

Identifying the boundary of upper half-space with R™ = {(xo, x) € R"*!: xg =0},
the distributional limits for xo — 0+ of those potentials were computed. They split
up into two classes of distributions, which are linked by the Hilbert transform, one
scalar-valued, the second one Clifford vector-valued. They form two of the four fam-
ilies of Clifford distributions which were thoroughly studied in a series of papers,
see [4-6] and the references therein.

These distributional boundary values are really fundamental, since not only they
are used in the definition of the harmonic and monogenic potentials, but they also
uniquely determine the conjugate harmonic potentials obtained by primitivation,
thanks to the simple, but crucial, fact that a monogenic function in Rﬁ“ vanishing
at the boundary R™ indeed is zero. Whence the need to predict the distributional
boundary values when constructing the, at that moment unknown, upstream poten-
tials. To that end the distributional boundary values have to be identified in some
way ab initio, which is the aim of the present paper. It is shown that half of them
may be recovered as fundamental solutions of specific powers of the Dirac oper-
ator, and also half of them, but not the missing ones, as fundamental solutions of
specific powers of the Laplace operator. By introducing two new pseudodifferential
operators, related to the complex powers of the Dirac and Laplace operators, the
whole double infinite set of distributional boundary values may now be identified as
fundamental solutions of the four operators. As a remarkable sign of symmetry, the
distributional boundary values also can serve as convolution kernels for the corre-
sponding pseudodifferential operators of the same kind but with opposite exponent.

The organization of the paper is as follows. To make the paper self-contained we
recall in Sect. 2 the basics of Clifford algebra and Clifford analysis and in Sect. 3
the main results of [7] on the conjugate harmonic and monogenic potentials in up-
per half-space Rﬁ“. The four pseudodifferential operators needed for recovering
all the distributional boundary values of these harmonic potentials as fundamental
solutions, are studied in four consecutive sections. Sections 4 and 6 are devoted to
the complex powers of the Dirac and Laplace operator respectively and their fun-
damental solutions. In Sects. 5 and 7 the two new operators, also depending on a
complex parameter, and their fundamental solutions are studied. Section 8 contains
some conclusions.
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2 Basics of Clifford Analysis

Clifford analysis (see e.g. [3]) is a function theory which offers a natural and ele-
gant generalization to higher dimension of holomorphic functions in the complex
plane and refines harmonic analysis. Let (eg, e1, . . ., €;;) be the canonical orthonor-
mal basis of Euclidean space R”*! equipped with a quadratic form of signature
(0, m + 1). Then the non-commutative multiplication in the universal real Clifford
algebra R 1 is governed by the rule

eqep +egeq =—2845, a,=0,1,...,m

whence Ry ;41 is generated additively by the elements eq =e¢;, ...¢ej,, where A =
{j1so-s Jny C{0,...,m}, with 0 < j; < jp <--- < j, <m, and ey = 1. For an
account on Clifford algebra we refer to e.g. [13].

We identify the point (xg, x1, ..., Xy) € R™+1 with the Clifford-vector variable

X =Xxoeo +x1e1 + -+ Xpmem = Xoeo + X

and the point (x1, ..., x,) € R™ with the Clifford-vector variable x. The introduc-
tion of spherical co-ordinates x = ro, r = |x|, @ € S™~!, gives rise to the Clifford-
vector valued locally integrable function w, which is to be seen as the higher dimen-
sional analogue of the signum-distribution on the real line; we will encounter w as
one of the distributions discussed below.

At the heart of Clifford analysis lies the so-called Dirac operator

0 Zax060+ax1€1 +"'+axmem =3x060 +9

which squares to the negative Laplace operator: 92 = —A,,41, while also 39> =
— Ay, . The fundamental solution of the Dirac operator 9 is given by
1 X
Ept1(x) = ot
m+1
2w 2

where 0y,41 = stands for the area of the unit sphere S in R”*!. We also

I'( 7713»1 )

introduce the generalized Cauchy-Riemann operator

D= %%8 = %(3@ +e0d)
which, together with its Clifford algebra conjugate D= %(on —epd), also decom-
poses the Laplace operator: DD = DD = § A4 1.

A continuously differentiable function F(x), defined in an open region
2 cR"H and taking values in the Clifford algebra Ro 1, is called (left-)mono-
genic if it satisfies in §2 the equation D F = 0, which is equivalent with 0 F = 0.

Singling out the basis vector e¢p, we can decompose the real Clifford algebra
Ro,m+1 in terms of the Clifford algebra R ,,;, as Ro m+1 = Ro m ®eg Ro . Similarly
we decompose the considered functions as

F(xp,x) = Fi(x0, x) +egF2(xp, x)
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where F and F; take their values in the Clifford algebra Ry ,,; mimicking functions
of a complex variable, we will call F; the real part and F; the imaginary part of the
function F.

We will extensively use two families of distributions in R"”, which have been
thoroughly studied in [4-6]. The first family .7 = {7}, : A € C} is very classical. It
consists of the radial distributions

A
2

T, :Fpr)‘ :Fp(x% + - +x31)
their action on a test function ¢ € .’(R") being given by
(T2 ¢) = ow{Fprf, 2 Og))

with 4 = A + m — 1. In the above expressions Fp rﬁ stands for the classical “fi-
nite part” distribution on the real r-axis and X' is the scalar valued generalized
spherical mean, defined on scalar valued test functions ¢ (x ) by

2O0p1=— [ g(x)ds(e)
Oy Jgm—1
This family 7 contains a.o. the fundamental solutions of the natural powers of the
Laplace operator. As convolution operators they give rise to the traditional Riesz po-
tentials (see e.g. [11]). The second family % = {U,, : . € C} of distributions arises
in a natural way by the action of the Dirac operator d on .7. The U, -distributions
thus are typical Clifford analysis constructs: they are Clifford-vector valued, and
they also arise as products of T -distributions with the distribution @ = ﬁ men-
tioned above. The action of U, on a test function ¢ € .(R™) is given by

(Us, ¢) = on(Fprl, 2V[g])

with 4 = A + m — 1, and where the Clifford-vector valued generalized spherical
mean X1 is defined on scalar valued test functions ¢ (x ) by

2<1>[¢1=if (@d(x)dS(@).
' Jgm—
Typical examples in the % -family are the fundamental solutions of the Dirac oper-
ator and of its odd natural powers.

The normalized distributions 7,* and U’ arise when removing the singularities of
T, and U, by dividing them by an appropriate Gamma-function showing the same
simple poles. The scalar 7, -distributions are defined by

m T;
Tr=n¥ et —m =2l
r'=5-)
e (1)
T* (= An)'8(x), €Ny

=2 T ()
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while the Clifford-vector valued distributions U;" are defined by

Atm+1 U)\.
Up=n"1" —2__ At —m—2—1
F(}H";’l"rl)

") @

s 2U+1
- 02 +15(x), 1eN.
PHT(E + 1+ )" (x) 0

* —
U—m—2[—1 -

The normalized distributions 7, and U; are holomorphic mappings from A € C to
the space .#/(R™) of tempered distributions. As already mentioned they are inter-
twined by the action of the Dirac operator; more generally they enjoy the following
properties: for all 1 € C one has:

(i) xT7 = A;gzm Ui xU; =Ufx =—T7,;

(i) T} =AU ;U =Ud =-2nT} |;
(iii) ApT) =27AT 55 AU =21 (A — DU} _,;

: 2%k __ A+moax . 277% _ A+m+1lprx
(V) 7T = 57T r7Uy === U .

Of particular importance for the sequel are convolution formulae for the 7,*- and
U; -distributions; we list them in the following proposition and refer the reader to [6]
for more details. Notice that the convolution of distributions from both families is
commutative notwithstanding the Clifford vector character of the U; -distributions.

Proposition 1

(i) Forall (a,B) € C x C suchthata #2j, j € Nog, B #2k, ke Ngand a + B +
m # 21, 1 € Ng the convolution T, * Tp?" is the tempered distribution given by

r(— a+,§+m)

r=$Hr-5

(ii) For (a,B) € Cx C such that « Z2j + 1, B#2k, a + B # —m + 2] + 1,
J.k,1 € Ny one has

*

TyxTg=m> a+ftm:

" F(_W)

UbsTg=TfxUs=m7 ———2——

r4hr-5H

(iii) For (0, 8) € C x C such that « #2j + 1, B #2k + 1, o + B # —m + 2,
J,k,1 € Ny one has

*
a+p+m:*

+B+
r== .

Up+Up=UjxU;=m2" B

FESHIEG

3 Harmonic and Monogenic Potentials in R’f"l

In this section we gather the most important results on harmonic and monogenic
potentials in upper half-space R”*!, which were established in [7].
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The starting point is the Cauchy kernel of Clifford analysis, i.e. the fundamental
solution of the generalized Cauchy-Riemann operator D:
1 xey 1 xo—epx

C_i1(xo,x) = T T

Om41 |x Om+1

which may be decomposed in terms of the traditional Poisson kernels in RTFI:

1 1_
C_1(x0,x) = EA—I (x0,x) + EeoB—l(XO» X)
where, also mentioning the usual notations, for xo > 0,

X0

A_1(x0,x)=P(x0,x) = |X|T+1

Om+1

B_1(x0.x) = Q(x0.x) 2 X
_1(x0,x)=0(x0,x) =—— ——
A0 0 T Gt x|t

Their distributional limits for xo — 0+ are given by

a_1(x)= lim A_j(xp,x)=8(x)=—T%,
Om

X()—)(H’
b_i(x)= lim B_j(xo,x)=H(x)=— U,
x0—0+ Om+1
where the distribution
H(x) 2 U* P —
X)=— S =——Pv——
- Ot Omt1  |x|mHl

with Pv standing for the “principal value” distribution in R™, is the convolution
kernel of the Hilbert transform 7 in R (see e.g. [9]). Note also that both distribu-
tional boundary values are linked by this Hilbert transform:

Hla_11=[81=H*x6§=H =b_
Hb_||1=HH=HxH=686=a_,

since 7% =1.
The first in the sequence of so-called downstream potentials is the function C_»
defined by

_ 1 1
DC_1=C_p==-A_2+ —¢yB_».
1 2=54=2 + 260 2
Clearly it is monogenic in RTFI, since DC_» = DDC_; = AI—tAm_HC_] = 0.
The definition itself of C_(xg, x) implies that it shows the monogenic potential
(or primitive) C_1(xp,x) and the conjugate harmonic potentials A_»(xg,x) and
egB_2(xp, x). The distributional limits for xo — 0+ of these harmonic potentials
are given by
2 1 47

_ *
p|x|m+1 -

—m—1

Om+1

ba(x)= lim B_y(xg.x)=—88=—"U*, .
xo—>0+ Om
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Proceeding in the same manner, the sequence of downstream monogenic poten-
tials in R " is defined by

Ct1=DC_x=DC_yjs1=---=D"C_i, k=1,2,...

each monogenic potential decomposing into two conjugate harmonic potentials:

1 1__
Ck—1=zAp-1+ z€0B—k-1,

k=1,2,...
2 2
with, for k odd, say k =2¢ — 1,
Agp =0y A =~y 0B = = =91 B
Boyy=0y "B =—03; A = =—3"""A,
while for k even, say k = 2¢,
Aper =05 A=~y 9B = =0"A
By 1=0nB1=—0} '0A 1 =--=0"B,

Their distributional limits for xo — 0+ are given by

3 _ F(m+2€71)
a-z¢ = (_Q)M IH = _226 ! m_225+| ij—%—&-l
2
+20—1
= (=D 2e -1 (= )F !
- . m+1 prm+2[—l
T 2
I-V(m+2l)
20—1 20—1 2
by =(=3)""8=2"""—=5U", 5,
T 2
and
I—V(m-i-ZZ)
a1 =78 =2"—2-"T",
T 2
I-V(m-‘r2£+l)
boge—1 =3 H = —ZMW Y
F(m+22+l) 1
—1n¢ 2
= (=D 2fe-nn——2% o ®
T2

They show the following properties.

Lemma 1 One has for j, k=1,2,...
() ak =2 b1 — a;
() Hla—r]=b—k, H[b_x]=a—;
(iii) a_j*ad_=0a—j—k+1
a_jx b_k = b_j *d_j = b—j—k-{-l
b_j * b_k =0a—j—k+1-
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Let us have a look at the so-called upstream potentials. To start with the funda-
mental solution of the Laplace operator A,, 41 in R”*!, sometimes called Green’s
function, and here denoted by %Ao(xo, X ), is given by
1 1 1

m—1 oy xm=1°

1
ZA X)) =—
> 0(x0,x)

Its conjugate harmonic in RTFI, in the sense of [3], is

Bo(ro,x) = — iFm('x;'> 3)

Om—+1 |x|™ X0

where

v m—1 m
1
Fm(v)Z/ ! m+1 dnzv 2Fl<ﬁ,m_+ ;ﬂ‘i‘l;_Uz)

with 2 F| a standard hypergeometric function (see e.g. [10]). Taking into account
that

+o0 m—1 F(m)
n b3
0 (I+49)72 2 res)
expression (3) leads to the following distributional limit
1 x 11,

bo(x)= lim By(xp,x)=——=——U>
= 0+ = o lxIm T o, M

while Ag(xg, x) itself shows the distributional limit
2 1 1 2 1

*
—m+1*

ap(x)= lim Ag(xg,x)=— =—
o(x) x—0+ 00x0, £) m—10mq1 P x| m—10p41
It is readily seen that DAy = DegBy = C_1. So Ao(xo, x) and egBo(xg, x) are
conjugate harmonic potentials (or primitives), with respect to the operator D,
of the Cauchy kernel C_j(xg,x) in Rﬁ“. Putting Co(xp,x) = %Ao(xo,g) +
%%Bo(xo, x ), it follows that also DCy(xo, x) = C_1(xp,x), which implies that
Co(xp, x ) is a monogenic potential (or primitive) of the Cauchy kernel C_j(xg, x)
in Rﬂ“. Their distributional boundary values are intimately related, as shown in
the following lemma.

Lemma 2 One has

(i) —dap=b_1=H; —dbp=a_1=4§
(ii) Z[aol = bo; H[bo] = ag

Remark 1 In the upper half of the complex plane the function In(z) is a holomor-
phic potential (or primitive) of the Cauchy kernel % and its real and imaginary com-
ponents are the fundamental solution In|z| of the Laplace operator, and its conju-
gate harmonic i arg(z) respectively. By similarity we could say that Co(xp, x) =
%Ao(xo,g ) + %%Bo(xo,£ ), being a monogenic potential of the Cauchy kernel
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C_1(x0, x) and the sum of the fundamental solution Ag(xg, x) of the Laplace op-
erator and its conjugate harmonic eg By (x, x ), is a monogenic logarithmic function
in the upper half-space Rﬂ“ )

Inspired by the above mentioned properties, the construction of the sequence
of upstream harmonic and monogenic potentials in R:’f“ is continued as follows.
Putting

{ A1(x0, x) =ao(-) * Ap(xo, -)(x) =bo(-) * Bo(xo, )
B1(x0,x) = ap(-) * Bo(xo, -)(x) = bo(-) * Ao(xo, -)

it is verified that DA_; = DegB_; = Cp, whence A1(x0,x) and Bj(xg,x) are
conjugate harmonic potentials in R’frl of the function Cy(xg, x ). It then follows at
once that

1 1_
Ci(x0,x) = EAl(xO,g) + EeoBl(xo,g)

is a monogenic potential in Rﬁf“ of Cp. The distributional limits for xo — 04 of
the conjugate harmonic potentials A| and Bj are given by

ar(x) =XOILI%+A1(XO,J_C) =ap() *ao(-)(x) =bo(-) *bo(-)(x)

bi(x) =x01LH6+ Bi(x0,x) = ao(-) % bo(-)(x) = bo(-) * ao(-)(x).

Making use of the calculation rules for the convolution of the 7*- and U*-
distributions (see Sect. 2, Proposition 1), these distributional boundary values are
explicitly given by
11 1 N 1 1 1
aj(x)= o 2 m2
1 1 1 1 2 X

bi(x)= Twommm—1 Ulya=

T o m—2x"2

Omt1 m— 1 |x|m=1

They show the following properties.

Lemma 3

(i) —da1 = by, —3b1 = ap;
(ii) a1l =b1, b1l =ay.

The conjugate harmonic potentials Aj(xp,x) and Bj(xg,x) have been deter-
mined explicitly:

2 1 1 X
Ar(xp,x) = F, ( )

2| —
m—1opmer lx|m=2" """\ xo

2 xox |x| 2 1 X
Bi(x0,x) = ol — | — -
Om+1 1x|™ X0 omy1m—1|x|™
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Proceeding in a similar way, it is verified that the functions A;(xg, x ) and B2 (xg, x )
defined by

{ Az (x0,x) =ap(-) * A1(x0, - )(x) =bo(-) * By(x0, )(x)
Ba(x0,x) =ao(-) * By (x0,)(x) =bo(-) * A1(x0,-)(x)

are conjugate harmonic potentials in Rﬂ“ of the function C1 (xg, x ). It follows that
1 1__
Ca(xo, x) = EAZ(XOal) + EeoBz(JCo,i)

is a monogenic potential in R’ﬁ“ of Cy.The distributional limits for xo — 0+ are
given by

ax(x) = lim Ax(xg,x)=ap*aj(x)=bo*b1(x)
x0—0+

by(x)= lim Ba(xo,x)=ao*bi(x)=>bp*ai(x)
X0—>0+

which may be calculated explicitly to be

1 1 1
w(m—1)(m—3) opi1

aZ(i) = ij+3

and

S
b2(£)=mam —m+3*

They show the following properties.

Lemma 4

(i) —da; =b1, —3dby =ay;
(ii) HNaz] = b2, byl = a.

The conjugate harmonic potentials A>(xo, x ) and B (xg, x ) were also explicitly
determined:

Ao, x) 2 1 x x| 2 1 1 1
X0, X ) = ol =) -
O o o k2 " %0 ) m—1m =30y x|

By(ro, x) 1 x|x|? p(Ey_m=3 1 x . |x|
X0, X) = =) - ol =).
202 omi1 1xm "\ xo m—10y4 |x|m=2"" : X0

For general k =1, 2,3, ..., the following functions in RTFI are defined recur-
sively, the convolutions being taken in the variable x € R™:

Ap(xo,x) =ao* Ag—1 =a1 * Ap—2="---=ap—1 * Ao
=bo* By—1=b1 * By ="---=by_1 * By
By (x0,x) =ao* Bx—1 =aj * By—p =+--=ay—1 * By

=bo*xAp_1=b 1 xAp_p=---=bp_1 %Ay
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and
1 1_
Cr(x0,x) = EAk(xm&) + EeoBk(XO,i).

It may be verified that Ay (xo, x) and Bi(xg, x) are conjugate harmonic potentials
of Cx—1(x0,x) in R:”_H, while C(xg, x) is a monogenic potential of Cy_1(xg, x)
in Rﬂ“. Their distributional boundary values for xo — 0+ are given by the recur-
rence relations

ap(X)=ap*ax—1 =aj *ag—p =-++=ax—1 *ag
Zbo*bk_lZbl*bk_2=~--=bk_1*b0
bi(x)=ao*bx—1 =a1 xbx2="---=ax-1*by
=bo*xar—1 =by*ar—2=---=br_1 *ag

for which the following explicit formulae may be deduced:

1 e
2% = = 53 e T2 okt

L LT
a2k—1=ﬁnmj —m+2k
b2k=;7r(%) x

22k+1 RW m—+2k+1

1 I—v(m—22k+1) .

bzk_lz_ﬁ@ Zm+2k

These distributional limits show the following properties.

Lemma S One has fork=1,2,...:

() —dax =br_1; —0by =ay_1;
(il) Hlaxl =b_1 *ar =by; H|bi] =b_1 * by = ay.

4 Powers of the Dirac Operator

The complex power of the Dirac operator 9 was already introduced in [8] and further
studied in [6]. It is a convolution operator defined by

AT 1=09"8x*[.1

I A T e N G e
- 2 m—p —m—u - 2 m—u+1 —m—u * []
T2 T 2
oM 1 1 itp pmte 1 — e [ m+u+1
__me - [ +e ( zﬂ)_ e ( Z_I)Q]*[.] (4)
T |x|H 2 I'(—%) 2 4
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In particular for integer values of the parameter p, the convolution kernel 346 is
given by
2k m+2k
27 (55=)
m—2k —m—2k

T (5)
22k+11’v(m+2k+2)
82k+18 — _ 2 *

925 =

m—2k —m—2k—1"
T2

Note that for k € Ny the above expressions (5) are in accordance with the definitions
(1) and (2). Moreover, if the dimension m is odd, also all negative integer powers
of the Dirac operator are defined by (5). However, if the dimension m is even, the

expressions (5) are no longer valid for k = —% —n,withn=0,1,2,...1in the case
of 3?8 and n = 1,2, ... in the case of §**15. Summarizing, 9* is defined for all
u € C, except for u = —m, —m — 1, ... when m is even. We will define 9" for those

exceptional values further on. First we prove the following fundamental property.

Proposition 2 For i, v € C when m is odd or for u, v € C such that ., v and pu+v
are different from —m, —m — 1, —m — 2, ... when m is even, one has

8% 98 =9 tVs

Proof Using definition (4) for 3#§ and 9", the convolution at the left-hand side
decomposes into four terms. They are respectively given by

; i +ut+
1+elﬂﬂl+elﬂvzu+vn% (m g U)T*
2 2 Qnm;v —m—pu—v
for the first one,
i i +ptv+l
_1 4l ] — ezrw2“+vn% (m MZ v )U*
2 2 nmz;unmféﬂrl —m—p—=v
for the second,
; ) +ptv+l1
B 1 — e ]+ emvzlﬁ-vn% (%) .
2 2 ﬂmféﬁrl n? —m—u—v
for the third, and
; i +u+
1_elﬂul_elnv2u,+un% (m g U)T*
2 2 m—p  m—y T —m—u—V
T 2 7 2
for the fourth. The sum of the first and the fourth term thus equals
i +u+
1 4 e/ ty) AV NG g ~) T*
2 T[m—g—v —m—u—v

while the sum of the second and the third term equals

i m+pu+v+1
N e
2

m—p—vtl —m—p—vr
T 2

The sum of the latter two expressions is exactly 9#1V§. O
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Corollary 1 For u € C when m is odd or for w € C\{m,tm £ 1,+m +2,...}
when m is even, one has

918 % 9IS = 8.

Now we put for € C when m is odd or for u € C\{m,m + 1,m +2, ...} when
m is even

E,=037"s
I N G T L N G -
- 2 mtp —m+u 2 mtpt1 —m+u
T2 T2

and in particular for k € Z when m is odd or for k € Z\{% +n,n=0,1,2,...} when
m is even

—2k
2T ook Tk -m2k
T2
m—2k
Eyoy = — 107 )y
2k+1 = 22k+1 _ mi2kt2 = —m+2k+1
T2

Then Corollary 1 implies that, for u € C when m is odd or for u € C\{£m, +m +1,
+m+2,...} whenm is even, E, = 9~ *§ is the fundamental solution of the opera-
tor 9M:
HE, =0"8xE, =6
This is in accordance with a result in [6].
It is also clear that, in the case where the dimension m is even, once the fun-
damental solutions E,,, of 3™, n=0,1,2,... are known, we can use these

expressions for defining the operators 9~ ~", n =0, 1,2, .... To that end we recall
a result of [6].
Proposition 3 If the dimension m is even, forn =0, 1,2, ..., the fundamental so-
lution E,, ., of the operator 3™ is given by
Ent2j = (p2jInr +q2)) T3] .
* j=0,1,2,...
Epns2j+1=(p2j41Inr +q2j41)Uy; 4

where the constants p, and q, satisfy the recurrence relations

1
P2j+2 = 5 P2j+1
22 | j=0.1,2,...
Qj+2 = m(‘hﬂrl - ml’zjﬂ)
and
1
P2j+1=—7_-D2j
2 | j=0,1,2,...
q2j+1 = _E<Q2j - m+2jpzj)
with starting values po = —W and go = 0.
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Now putting, for m evenand n =0, 1,2, ..., 97§ = E 4+, and hence
=S % [ ] = By #0.1
we indeed have
3 TE =08 % "8 = Epyp % 3™ T8 = 6.

So the operator 9#[ . ] eventually is defined for all © € C, and there holds in distri-
butional sense

IE)=3"[07"5] =5, ueC

or, at the level of the operators: 9#97™* =1.

5 A New Operator

Recalling the following distributional boundary values of the conjugate harmonic
potentials studied in [7]

1 F(m—Zk)
azk—1 zszTik 2k keZ, 2k <m
T2
1 Ia m—2k
G5 keZ, 2k <m

bzk:22k+l miokez —m+2k+1s
T 2

it becomes clear, in view of the results in Sect. 4, that these distributional boundary
values are nothing but fundamental solutions of appropriate integer powers of the
Dirac operator. We have indeed, for integer k such that 2k < m, that

ag—1 = Ey =37 %ks
boy = —Eppy1 = —3~ %18

showing that at the same time they are also distributions resulting from the action of
the opposite integer powers of the Dirac operator on the delta distribution.

It also becomes clear that the other distributional boundary values ay; and by
cannot be expressed in a similar way as fundamental solutions of integer powers of
the Dirac operator. Whence the need for a new operator, depending upon a complex
parameter u, the fundamental solutions of which correspond to those distributional
boundary values as; and byx—1. Taking into account the Hilbert pair relationship
between the distributional boundary values, we define to that end the operator # .77
by

AT 1=0"H %[.]

where the convolution kernel 0# H is given by

e r () e 21 ()

m—p —m—p 2 m—p+1 —m—pu
T2 T 2

0"H =
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The notation for this new kernel is motivated by the fact that, as shown by a straight-
forward calculation, it may indeed be obtained as 9" H = 9"§ x H. In particular for
integer values of the parameter ., the convolution kernel 3* H reduces to

m+2k+1
ZkF( 2 ) *

2k yy
9"H=-2 m—22k+l —m—2k
T
(6)
82k+1H _ 22k+1 F(m+22k+l) *
2 - m—2k—1 —m—2k—1
T 2

with 2k 2 —m — 1, —m — 3, ... when m is odd. Note that for u = 0 the operator
057 reduces to the Hilbert transform, while for i =1 the so-called Hilbert-Dirac
operator (see [2]) is obtained:

LA )= (—An) [ 1= 0H x[.]=2—2 "

More generally, we also have for integer k such that 2k £ —m — 1, —m — 3, ... when
m is odd,

Ut gl 1= 0V H [ ] = (= Ak T[]

Summarizing, the operator #.7# is defined for all complex values of the parameter
w except for u = —m, —m — 1, —m — 2, ... when m is odd. We will use the same
method as above, via the fundamental solutions, to define .57 for those exceptional
values.

Proposition 4 For p,v € C when m is even or for u,v € C such that u, v and
W+ v are different from —m, —m — 1, —m — 2, ... when m is odd, one has

*H*3"H=09"""H.
Proof The proof is similar to that of Proposition 2. O

Corollary 2 For i € C when m is even or for w € C\{£m,+m + 1, +m £2,...}
when m is odd, one has
OHH x93 "H =3.

Now we put for € C when m is even or for u € C\{m,m+1,m+2, ...} when
m is odd

F,=9""H
e A G DO Y s A G ) IO
- ) mtu —mp ) mtptl —m4+p

T2 T 2
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and in particular for integer values of the parameter u

1 resg

FZk == 22k m+2k+1 —m—+2k>
T 2

1
k;é%—i-n, n=0,1,... form odd

m—2k—1
1 e )T*
22k+1 m+2k+1 —m+2k+1>
T 2

Fopy1 =

—1
k;«émT—f—n, n=0,1,... form odd

Then Corollary 2 implies that for © € C when m is even or for u € C\{xm,
+m=+1,+m +2,...} when m is odd

HAF,|=0"Hx F, =6

expressing that F,, = 9~* H is the fundamental solution of the operator 9*.7¢" for
the allowed values of u. So it becomes clear that, in the case where the dimension m
is odd, if we succeed in establishing the fundamental solutions F,,4,,n=0,1,2, ...
of the corresponding operators 1" 37, we can use these expressions for defining
the operators =" ~" J¢’. We first prove that E,, and F, form a Hilbert pair.

Proposition 5 For u € C\{m,m+1,m + 2, ...} one has
%[E/L] = F/L

Proof For the allowed values of  we consecutively have

HEN="AE)=H*E,=H*3 "8=0""8«xH=90""H=F, [

Now we determine the fundamental solutions F,,4,, n =0, 1,2, ... when the
dimension m is odd. The general expression for 3 ~* being no longer valid in that
case, this needs a specific approach, which is similar to the one used for determining
the fundamental solutions E,,, of 37"~" when m was even.

Proposition 6 If the dimension m is odd, then, forn =0, 1,2, ..., the fundamental
solution of ™™ is given by

Fuy2j = (p2jInr + @2))T5; 019

j=0,1,2,...

Fy2j+1=(p2j1Inr +q2j4)U5; 4

with the same constants (py, qn) as in Proposition 3.

Proof We have to prove that """ 3¢[F,,4,]1 =6 or 3" H % F,, = §, or still
A"t % F . = H, which will be satisfied if 3 F,;, 1, = Fyuin_1. If n is even, say
n=2j, we have
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X
3Fmt2j = p2j r:2T2*j + (p2jInr +q2))37T5;
= p2jUy;_1 +2j(p2jInr +q2/)Uy;

from which it follows that the following recurrence relations should hold

1
: 2j = —=P2j—1
{P2j+2J42j=fI2j1 P2j 2]p]
2jp2j = p2j-1 1 1
q2j—2j q2j—-1 2}.1’21—1

If nis odd, say n =2j + 1, we have

X
BFmr2j01 = P2j+1 3 Uy + (p2jr In7 + 27400803,
2 " "
= —P2j+1mT2j —2rn(p2jy1lnr +q2j4 D75

leading to the recurrence relations

2
—m+2].172;+1 —2nqj+1 = q2j or
=27 paj+1 = p2j
P2j+1 = —%sz
1 1
q2j+1= —§<q2j - mm/) O

So putting for m odd andn =0, 1,2, ..., 9 """ H = Fy 4, and hence
AL =TT H k[ ] = Fygn % (]
we indeed have
AN ) =3 "H % 0" H =6
Eventually the operator *.¢ is defined for all u € C, and there holds in distribu-
tional sense
KAHF, )= “,%”[_“H] =4
or, at the level of operators: # 77~ * 7 = 1.
Now we expect the distributional boundary values

1 F(m—Zk—l)
axy = — 2__T* keZ, 2k+1<
2k bl mikil Lm0 , m
2 75
1 F(m—22k+l)
b2k71=_2kaJrl jm+2k’ keZ,2k—1<m
T 2

to be fundamental solutions of #.7# for specific values of . This is indeed the case
since

g =—Fuyp1=—0"F*"H, keZ 2k+1<m
by—1 = Fy =3 %*H, keZ, 2k—1<m
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We conclude that all distributional boundary values of the sequence of conjugate
harmonic potentials of Sect. 3 are fundamental solutions of 9 and *.7# for specific
integer values of w.

6 Powers of the Laplace Operator

For complex powers of the Laplace operator the standard definition (see [11]) reads
(=2 1= (=A,,)B8 x [ .], where the convolution kernel (—A,,)?8 is given by

(m+2/3 )
(—An)fs = 22'3W  2p-
bid
Whence apparently (—A,,)? is defined for all complex values of the parameter S,

exceptfor f=—%, -5 —1, -5 —2,....

In particular for integer values k of the parameter 8, except for k = —7, — mT”,
m; 4, ... in case the dimension m is even, we have, also in view of (5),
(m+2k)
2k 2
(_Am)ka = 2 m—2k ij—Zk = Q k(S (7)
T 2

which is in accordance with the factorization of the Laplace operator by the Dirac
operator. In case the dimension m is odd, we have, also in view of (6),

2k+1
(m+ +)

1
(_Am)k+§8 — 22k+1 ] = 82k+1H (8)

m—2k—1
2

: m+1 m+3 m+5
for integer k, except for — T T, T

By a straightforward calculation, similar to the one in the proof of Proposition 2,
the following fundamental property is proven.

Proposition 7 For a, 8 € C such that «, 8 and o + B are different from —% —-n,
n=0,1,2,...one has

(—Am)?8 % (—Ap)P8 = (—Aw)* P8

Corollary 3 For 8 € C\{+%, :I:%, :I:mT+4, ...} one has

(=A% (=An)Ps=6

Now putting for g € C\{7, ’"—+2 m;“, .

r
Kp=(-anPs=2"— 2
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and in particular for integer k

IR B A= .
Ki=(—A4An) "6 = H_mE i 2k < m when m is even
7

1 [v ( m —22](— 1 ) . (9)
22k+1 m+2k+1 —m+2k+1°
T 2

k1
Kip1= (428 =

2k <m — 1 when m is odd
the above Corollary 3 implies that

m+2 m+4
2 2 2 T

(_Am)ﬂ[Kﬁ]za, ﬁec\{iﬂ,ﬂ:—,ﬂ:

which expresses the fact that Kg = (—A,,) P8 is the fundamental solution of the
operator (—Ap)P for B e C\{+2, :t’”TH, :I:’"TH, ...}

We still need to define the operator (—Ap)P for g = -7, —’”T“Lz, —”’T+4, ...and
m m+2 m+4

the fundamental solution Kg for g = L e Keeping in mind the for-
mulae (7) and (8), which we still want to remain valid, we put, forn =0, 1,2, ...
(i) when m is odd:

(—Am) 278 =0"""""H = Fy o0 = (p2nIn7 + q20) T3,

and K%+n = I'm+2n;
(ii) when m is even:

(—Ap) 278 =378 = Epion = (pan Inr + g2 T3,

and K%Jrn = Epyon.
We then indeed have
(i) for m odd

(= Am) T Ky ] = 0" H 5 Ky = 9" " H ¢ Fyyon =8
(i1) for m even
(—Am)%+”[K%+n] =Q’"+2”8 % K%+n zam+2n8 s Emion =3
which eventually leads to
(=Am) 3 (=4 T =1

Note that for natural powers of the Laplace operator, the above fundamental
solutions are in accordance with the results of [1], where also the closed form of the
coefficients po, and ¢2,, n =0, 1,2, ... can be found.

7 A Second New Operator

The conclusion of Sects. 4 and 5 was that all distributional boundary values of the
sequence of conjugate harmonic potentials studied in [7], and recalled in Sect. 3,
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are fundamental solutions of the operators 3* and #*.7# for specific integer values of
the parameter ;. Wondering if they are also fundamental solutions of the operator
(—A,)P for some specific values of the complex parameter 8, we indeed find that,
in view of (9),

—2k—1
1 r(~—=s—)_, ©

2k = T 92k+1 mi2el —mA2k41 = T R
T2

= —(—An)*28, 2+ 1<m
1 L)

ar—1 = ﬁww’"”k =Ky =(—An) %8, 2k <m.
T

To recover the distributional boundary values by and byx—1 as fundamental so-
lutions of powers of the Laplace operator, apparently a new operator has to come
into play again. Bearing in mind that the distributional boundary values are forming
Hilbert pairs, we define the operator £ % by

P2l 1=(—An)PH*[.]

where the convolution kernel (—A,,)? H is given by

F(n1+22/3+1)
(—An)H=-2— 2 "U", o
T2

The notation for this second new kernel is motivated by the fact that, as shown
by a straightforward calculation, it may indeed be obtained as the convolution
(—Am)ﬁH = (—Am)/3 8 * H. Apparently the operator B is defined for all com-
plex values of the parameter 8 except for g = —’"TH —n,n=0,1,2,....

Note the particular cases for integer k:

m+2k+1
2kF( 2 ) *

(—Aw) H = -2 i Ul
k;é—mTH,—mT%,... (m odd)
(= A)EHE B = 2kt F(m:?:z) f
b
k;é—mTH,—m—;_{... (m even).
It follows that
(—=An)H =9%H, ke, k;é—mTH,—mTH,... (m odd)
10
(AT H = 9%+s ke, k;é—mTH,—mTH,... (m even) o

1
or, at the level of the operators: ¥.% =2k # and ¥+2 .2 = 9?+1,
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Proposition 8 For «, B € C such that a, B and o + B are different from _mT—H —n,
n=0,1,2,...,one has

(A H % (=An)’ H = (=An)**7s.
Proof The proof is similar to the one of Proposition 2. |

Corollary 4 For B € (C\{:I:"’TJrl +n, n=0,1,2,..) one has (—An)PH *
(—An)PH=35.

Putting, for 8 € C\{’”TJrl +n,n=0,1,2,...},

r(m=2p+1 2ﬂ+1)
Lﬁ =(=4n)" ﬂH =-2 P m+2ﬁ+1 jm-ﬁ—Zﬂ
b4
and in particular for integer k
F(m—2k+1 )
2k 2
Lk=—2 Tl Y —m+2k 2k<m+1
T 2
(m—Zk)
_ A —2k+l
Lk+% =-2 —ww Ulmsakrrs 2k <m.
T2
Corollary 4 implies that

+1
FLILg1 =8, ﬁe(C\{:l:—:I:n n=0,1,2,. }

expressing the fact that Lg = (—A,) P H is the fundamental solution of the opera-
tor BZ for B e C\{£2+ £n, n=0,1,2,,...}.

Proposition 9 For 8 € (C\{m;", n=0,1,2,...} one has #’[Kgl = Lg.

Proof For the allowed values of 8 we consecutively have
HIKpl="HKgl=HxKg=Hx(—=Ap,) Ps=(-A,)"PH=Ls 0O
Now we define the operator B for B = —mT*] —n,n=0,1,2,... and the
fundamental solution Lg for 8 = mTH +n,n=0,1,2,...:
(i) if m is odd, we put
(=A™ T H = 97" = By = (st I + g0 D U3

and LmT+1+,, = Fnton+1;
(@ii) if m is even, we put

(=4m)~ 2

and LmTH+" =Enton+1-

m+l

TTH=3""""""18 = Epyont1 = (pang1 Inr + @) U544
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In this way the properties (10) are preserved for the exceptional values of g8, and
moreover
m+1 m+1

B dn n —"’—'H—n
P L L, )= L [(—AT T T H] =8

or
() () -

As expected the distributional boundary values b, are indeed recovered from the
fundamental solutions of the operator #.Z, since

{bZk =—Fxqy1 = —LH%, 2k <m
bok—1 = Fp = Ly, 2k <m +1.

8 Conclusion

In this paper we have shown that the distributional boundary values for xo — 0+
of the sequence of conjugate harmonic potentials in upper half-space Rﬂ“ =
{xpeo +x : x € R™, x¢ > 0}, can be expressed as fundamental solutions of specific
powers of four operators: the standard operators 3" and (—A,,)? and the two newly
introduced operators “.7# and #.#. The extension of the definition of those four
operators to the exceptional values of the complex parameters w and g for which
the operators were not defined initially, was crucial for this purpose. The unifying
character of the families of Clifford distributions .7* and % * in this is remarkable.

For specific values of the complex parameters u and 8, the four operators studied
are interconnected. Since these relationships are fundamental we recall them here.
For integer k one has for the corresponding convolution kernels:

(—Am) 8 =2%s; (—Aw)“H =% H;
(—Ap)kt2s = g2+ 1, (— Ak T2 H = g2+,
The apparent symmetries in these formulae strengthen the idea that, like the Dirac
or delta-distribution &, also the Hilbert kernel H really is a fundamental distribution,
more or less a counterpart to the pointly supported §.

The above formulae also generalize the well-known fact that the composition of
the two Clifford vector operators d and .77’ equals the scalar operator square root of

the Laplacian (—Am)% :
(—A)28 =0 H.

This also leads to the well-known scalar factorization of the Laplace operator in
terms of pseudodifferential operators: —A,, = (—A;,) 2 (—Ay) 5 , next to its vector
factorization, used by P.A.M. Dirac under matrix disguise: —A,, = 9 d. The fact
that the Laplace operator may be factorized in two completely different ways is
explained by the fact that both the convolution of two T*-distributions—to which

family (—Am)% belongs—and the convolution of two U *-distributions—to which
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family 9 belongs—result into a 7*-distribution. On the contrary, vector valued op-
erators, such as 9 and 7, only have one factorization based on the convolution
of a T*-distribution with a U*-distribution, as shown in the following remarkable
formulae:

8= (_Am)%H H= (—Am)%s.

Finally note that each of the fundamental solutions of the four operators studied
in this paper, or, in other words, each of the distributional boundary values of the
conjugate harmonic potentials studied in [7], may be used as a convolution kernel
to define an operator of the same kind but with opposite parameter value:

“E, =8 and E,x[.]1=37"[.]
“HF, =8 and F,x[.]1=""2].]
(—An)PKg=8 and Kgx[.1= (=24, P[]

(~Am)PHLg=8 and Lgx[.1=""2[.]
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On Two Approaches to the Bergman Theory
for Slice Regular Functions
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Maria Elena Luna-Elizarraras, Irene Sabadini, and Michael Shapiro

Abstract In this paper we show that the classical Bergman theory admits two pos-
sible settings for the class of slice regular functions. Let £2 be a suitable open subset
of the space of quaternions H that intersects the real line and let S* be the unit
sphere of purely imaginary quaternions. Slice regular functions are those functions
f : 2 — H whose restriction to the complex planes C(i), for every i € S?, are holo-
morphic maps. One of their crucial properties is that from the knowledge of the
values of f on £2 N C(i) for some i € S?, one can reconstruct f on the whole £2
by the so called Representation Formula. We will define the so-called slice regular
Bergman theory of the first kind. By the Riesz representation theorem we provide
a Bergman kernel which is defined on 2 and is a reproducing kernel. In the slice
regular Bergman theory of the second kind we use the Representation Formula to
define another Bergman kernel; this time the kernel is still defined on £2 but the
integral representation of f requires the calculation of the integral only on £2 N C(i)
and the integral does not depend on i € S2.
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1 Introduction

Bergman theory is an important topic which has been studied in several settings.
The literature is very wide and as classical reference books, in the case of holo-
morphic functions, we mention [1, 2, 19]. The theory has also been developed for
hyperholomorphic functions such as the quaternionic regular functions in the sense
of Fueter and the theory of monogenic functions. Without claiming completeness
we mention [3, 4, 13-16, 18, 20-22] and the literature therein. In this paper we in-
troduce the first elements and the settings of the Bergman theory in the case of slice
regular functions studied in the papers [5-7, 9, 17].

More in general, by slice hyperholomorphic functions we mean both slice regular
functions and slice monogenic functions which are the monogenic version of the
theory of slice regular functions, see [6, 8, 10, 11].

Let us come to some preliminary considerations on the possible definitions of
Bergman space in the context of slice regular functions.

Roughly speaking, slice regular functions f : 2 — H, where 2 is an open set,
are those real differentiable functions whose restrictions to £2; := £2 NC(i), for every
i € S?, are holomorphic maps. In the sequel by .7 % (§2) we denote the set of slice
regular functions on £2. Let £2 be an open set in H which is invariant with respect to
rotations that fix the real axis, i.e., it is axially symmetric. When we suppose that the
domain 2 intersects the real line then the holomorphic functions on two different
planes, C(i) and C(j) with i # j, turn out to be strictly related by the Representation
Formula

1 1
fr+yh=_A=ifee+yp+ oA +ifex -y

which asserts that if we know the functions on a complex plane C(j) then we can re-
construct f in all the other planes C(i) for every i € S?. Note that it is not restrictive
to consider axially symmetric open sets: if the open set £2 which is the domain of a
function f is not axially symmetric we can always extend f to the smallest axially
symmetric set £2’ containing £2.

As a consequence of this fact, the Cauchy formula for this class of functions
allows to reconstruct a function f from its boundary values chosen on a plane C(i)
where i € S? is arbitrarily chosen.

Thus the global behavior of these functions on axially symmetric sets is in fact
completely determined by their behavior on £2 N C(i).

We define the slice regular Bergman space of the first kind as

17y = [ 1Pdn < oo}.

This gives us the slice regular Bergman kernel of the first kind leading to the
integral representation

f(q)=/9%(q,->fdu, Vfed(2) (1)

A (R) = {f e SR(R)

The function B (-,-) : 2 x 2 — H will be called the slice regular Bergman
kernel of the first kind associated to £2.
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The second way to define the Bergman space and the Bergman kernel is to work
on a complex plane C(i) and then to extend the kernel by the Representation For-
mula. Thus we introduce the so called Bergman theory of the second kind in which
we use a kernel %, that can be written in a closed form for various open sets £2.
The kernel %4, is a reproducing kernel on each slice C(i), i.e.,

fl@) = / Ho(q. ) f doy
2NC3)

and the integral does not depend on i € S,
Thus there are two mutually complementary theories.

2 Preliminary Results on Slice Regular Functions

In this section we recall some preliminary results on slice regular functions. Set
B* := {g e H| |q| < 1}, where |g| is the modulus of ¢, and writing a quaternion as
q = qo + q with obvious meanings of the symbols, and set

S?:={qeR’||qlps = 1}.

Given i € S?, by C(i) we mean the real-linear space generated by 1 and i. Note
that C(i) = C. Let £2 C H be an open set. Denote

2 =2 NCaH).
In particular, Dj := B* N C(i) and
Di+ = {x+yi|yanndx2+y2< 1}.

Finally, when we consider a function f : £2 — H then we will denote its restriction
to £2 N C(i) in local coordinates by f\:zi-
We are now ready to recall the definition of slice regular functions.

Definition 1 A real differentiable quaternion-valued function f defined on an open
set £2 C H is called (left) slice regular on £2 if for any i € S? the function fi o is
such that

a .0 .
(a +15>f|ﬂi(x+yl)=0 on £2.

The function f is called slice anti-regular on the right if for any i € S? the function
g, 1s such that

. 0 .0
ﬁgi x4+ yl)<a — l@) =0 on £;.

We denote by . % (82) the set of slice regular functions on £2.

Remark I 1t is also possible to define slice right regular functions and slice left
anti-regular functions, but we will not use them so we omit their definitions.
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The domains on which we will consider slice regular functions are described in
the definitions below.

Definition 2 Let £2 C H be a domain. We say that £2 is a slice domain (s-domain
for short) if £ NR is non empty and if £2 N C(i) is a domain in C(i) for all i € S2.

Definition 3 Let £2 C H. We say that §2 is axially symmetric if for every x +iy € £2
we have that x + jy € §2 for all j € S?.

Any axially symmetric open set §2 can be uniquely associated with an open set
Ogp C R? defined by
Og = {(x,y)e]R2|x+yie.Q, ieSZ}.
Slice regular functions obey the following property (see [5, 9]).
Theorem 1 (Representation Formula) Let f be a slice regular function on an ax-

ially symmetric s-domain §2 C H. Choose any j € S*. Then the following equality
holds for all g = x +1iy € £2:

1 1
fa+yh=_A=ifi+yp+ A+ f0r =) 2)

Remark 2 Since i varies in S it is not restrictive to assume y > 0 in formula (2).

3 The Slice Regular Bergman Theory of the First Kind

In the sequel we will consider the right linear space .25 (82, H) of square integrable
functions f : £2 — H equipped with the norm

1
2
I £l @.m = </Q|f|2du) :

where du denotes the volume element in R*. We have the following well known
properties: let f, g € %5 (2, H) and let A € H, then

O 1AMz m =1fllg@mlAl
) 1 f +elanem I1flaen +lglsaem-
(i) [ fllzwem =0 <= f=0ae.on 2.

Moreover, it is known that the function (-,-) & (o m) : (2, H) x £ (2, H) —
H, defined by

(f, 8) #e.m :/Qf_gdu, 3)

is an H-valued inner product on % (§2, H). Among its properties we have the fol-
lowing.
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Let f, g, h € £(£2,H) and let ¢ € H then

) (frg+he)zem =8 xnemnm +{fhaoemg.

(i) (f, 8) z@e.m =& ) zwm-
(i) (f, pr@m =111 g.m =0

Definition 4 The set . (2) := S Z(2) N £ (£2, H), equipped with the norm and
the inner product inherited from .%25(§2, H), is called the slice regular Bergman
space of the first kind associated to £2.

Remark 3 Tt is immediate to verify that the space </ (£2) is a quaternionic right-
linear space.

Proposition 1 (Evaluation functional for £2;) Let §2 be a bounded axially symmetric
s-domain, leti € S? and let K C £2; be a compact set. Then there exists a constant
Ak > 0 such that

sup{|f(@)| | g € K} <kl fllra), Vfed ().

Proof Using Lemma 1.4.1 given in [19], one can find a constant o > 0 depending
of K, such that

sup{|g(2)| |z e K} < ak[fg |g|2doi}2,

for any function g belonging to the usual holomorphic Bergman space for £2;.
Since every f € o7/ (£2) is of the form f|Qi = f1 4+ f>j, where the unit vector j is
orthogonal to i, then

sup{| f(@)| | ¢ € K} =sup{| fig, (@] | ¢ € K}
<sup{|fi(@)| | g € K} +sup{| ~o(@)| | g € K}

< ak[fg |f1|2dai]7 +a,<[/9 |f2|2doi]z

1
<2« za"2
<2k | | 1figPdoi] 0

Proposition 2 (Evaluation functional for §2) Let 2 C H be a bounded axially
symmetric s-domain. For any compact set C C §2 there exists a constant Ac > 0
such that

sup{|f(@)| | g € C} = rcl @), YfeA(R).

Proof Let j € S and let K; := C N C(j). Note that Kj is a compact subset of £2;,
and Proposition 1 gives us a constant Ag; > 0 such that

sup{|f(@)] | g € Kj} < rgll flr@). VS €A (2). 4)
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Applying the inequality
[fa+yD| < |fG+yp+[fx =D

which is a direct consequence of (2), one obtains that

sup{|f(@)| | g € C} <20kl fllr). V€A (R2).
Setting Ac =2A K; the statement follows. Il

, Vx+yieC, y>0,

Theorem 2 Let 2 C H be a bounded axially symmetric s-domain. The space
(d(g)a || . ||£{(_Q)) is Complete.

Proof Let{f,}nen C &7 (§2) be a Cauchy sequence, then there exists f € (82, H)
such that

lim ||~ full z3.m =0.
n—oo
Moreover, Proposition 1 implies the following:

(i) There exists the function f : 2 — H given by f (g) :=1lim,_, » fn(q), for any
qes.

(i) The sequence { f;,} converges uniformly to f on compact sets. Therefore f isa
slice regular function on £2.

Now, for any compact set K C §2 there holds that
0= [ 1f=fPdus [ 1= fPdut [ 17 fiPdu
K K K

s/K|f— fuldi+1F =l

As the right-hand side of the previous inequality tends to zero when n — oo, one
concludes that f = f € &7 (£2). O

4 The Slice Regular Bergman Kernel of the First Kind

We begin this section by noting that Theorem 2 implies that <7 (£2) is a quaternionic
right-linear Hilbert space.
Given any ¢q € £2, the evaluation functional ¢, : &7 (£2) — H is defined by

Glf1:=f(@), Vfed(L2).

One can prove, using directly Proposition 2, that the evaluation functional ¢, is
a bounded quaternionic right-linear functional on .27 (£2).

Even more, Riesz representation theorem for quaternionic right-linear Hilbert
space indicates the existence of the unique function B, € 7 (£2) such that

dqlf1=(By, @), Vfed(82).
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Denoting #(q, ) = Bq, then
f@=[ #a.fdn Ve @) )
2

Definition 5 The function (-, -) : £2 x £2 — H will be called the Bergman kernel
of the first kind associated with £2.

We recall the following definition that will be useful in the sequel:
Definition 6 A countable family {¢, },cn in a quaternionic right linear Hilbert space

E is called orthonormal total family if the following conditions hold:
e For any f € E there exists a sequence of quaternions {¢g, },eN such that
f= Z ndn.-
n>0
® (P, Pm)E = Sn,m, for any n,m € N.
o If (f,¢n)r =0foralln e N, then f =0.
Proposition 3 (Properties of the slice regular Bergman kernel of the first kind)
(i) The slice regular Bergman kernel of the first kind is hermitian;
Bq,r)=B(r,q), rqceSL.

(ii) The function HB(-,-) is slice regular in its first coordinate and it is slice right
anti-regular in its second coordinate.

(iii) The slice regular Bergman kernel of the first kind is the unique function which
satisfies the properties (i), (i), and (5).

(iv) Let {¢n}nen be an orthonormal total family of functions in </ ($2), and let K
be a compact subset of §2. Then the series

Y @),

neN

converges uniformly on K x K to the Bergman kernel %(q,r).
Proof
(i) B(q,r) = By(r) = /9 B,Bydu = /g BB, dw= B, (q) = B(r,q).
(ii) Since B, € ./ (£2), then
a .0 ]
P +1£ BqIQi (x +yi) =0, on £,
or equivalently

0 d
—+i— )% i,q)=0,
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which means that & is slice regular in its first variable. Finally, applying the
quaternionic conjugation we obtain that

0 0
Blo(q, x +yi)| ——i— | =0,
ax ay

which means that 44 is slice right anti-regular in its second variable.
(iii) Suppose that the function H satisfies the same properties of %, then

H(r,q)=H(61,r)=/Q93(q,-)H(',r)dpt:/QH(r, VA(,q)du
=%, q).

(iv) As HB(-,r) € o/(£2), there exists a sequence of quaternions {v,(r)},eN, such
that

B2(q,r) =) bu(@va(r).

n>0

Note that for any natural number m we have:

¢m(r)=/Q%’(r,q)¢m(q)du(q)=[(2¢7(q)%(q,r)du(q)

= [ B Xt duo).

n>0

From the uniform convergence on the compact set and from the fact that ¢, (q)
are orthonormal, we get:

OEDY fg B (@b () dp(@)vn(r) = va(r).

n>0
Therefore B(q,r) = ano On(q)Pn(r). O

It is interesting to note that, as in the classical complex case, the kernel (g, r)
is associated with the solution of a variational problem, as shown in the following
proposition:

Proposition 4 Let u € 2 be fixed and define
Fui:={fed @) | fw=1}.

Then the function

#(q.u)

Bu,u)’

belongs to F, 1, and it is the unique solution of the variational problem of finding

inf{ll llr) | £ € Fur} =110

f @ =

Vg € £2,
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Proof The proof is clear from the following facts:
(i) Holder’s inequality and || % (-, u)|| o2y = O implies that
fw) =0, Vfedd).
Therefore || (-, u) || o7 (2) > 0, and

Bu,u) 2/;235’(%993(5’”)&3 = ”93("”)”?@7(:2) > 0.

R J——
B, w) || gy 1BC W)
(iii) Take f € F, 1, then
l=fw)= /Q B(u,§)f(§)d§ < ||«93(-,u)||ﬂ(mllfllmm- O

As a direct consequence of Proposition 3, one can find an explicit representation
of the slice regular Bergman kernel of the first kind in the unit ball.

Corollary 1 The slice regular Bergman kernel of the first kind for the unit ball B*
is given by:

_ an(%’”) lI/n(qu)
24N=2 Zan T T

where

n
@n(q’ r) ::q2n+l(}7)2n+l _ 87T4Z(q2k+l(F)2n+1 +q2ﬂ+1(;)2k+l)an’k
k=0

n
8 2k+1 =\20+1

+ 647 Z q + () * Oy kOn 0,
k,0=0

n =

T ooy Ol
2n+3 e=0(n+£+3)(n_g+1)122(n—e)

n
10 2k — E))!an,kanl)\kl
128w ) k+€+3)(k— £+ D122G=D

k>t
k,0=0

n azk
64710 e
+oam ;)2“3

Wu(g,r) i=q"" > =87 Y (™ " + ¢™ () Buk
k=0

n
+647° Y g BuiBes
k,¢=0
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. 7Z 6 2n - Z))':Bn Z)\n V4
Mig.r):= Z(n+e+2)(n—e+1)'22<n =0

(2(k = 0))!Bn kBt k.0 ‘
128 10 10
Hleer Z G+ i+DU—t+ DRG0 Zk+1

Lo
(2(n — k) Ak

Ok S+ k+ 3) @k + 6)(n — k + D120
,3 — (2(’1 - k))‘)hn k
T 2+ k+2) @k + 4 (n — k + 11220+
and
—k
=D"Cm+1)
)\, = - .
"k mZ=o i\ —k —m)!

Proof One can see directly that the family of functions {¢"}, N is not an orthonor-

mal family. Nevertheless, the paper [9] tells us that this family generates the set of

slice regular functions. Thus, the family {g"},en is contained in < (B*) and gener-

ates any element of <7 (B*). The orthonormalization process gives us the following:
ui(q) =4,

—1
u2(q) =q*> — qq. q>§/(134)(q, qz)d(w),

M3(f]) = q3 - q2(q2’ q2>;jl(34)<q2’ q3)£{(34) - CI(CI’ Q>;{)(B4)(q’ q3>-QY(]B34)’

Therefore, {W} ieN is an orthonormal total family contained in <7 (B*).
o (B

Moreover, let n,m € N, the following equalities are obtained passing to the
spherical coordinates:

@) (6>, @) /g, =0, Vn,meN.
. 27?2
(if) " 4"w@n =3 g MEN
(iii)

™) _ 42 — m)) Anm
T AEY T (0 4 m 4 2)220mmH (4 1)
Vn,meN, withn > m.

(iv)

(g1, g2+ _ 474 (2(n — m) A m
A ®Y T 3 m 320 )
Vn,m eN, withn > m.
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The above identities allow one to get that

(2(n — k))!Ap i
(2n + 2k + 6)(4k + 6)(n — k + 1)1220—0+1"

n
Ui (q) = g2+ — 8t Zq2k+1

k=0
n
m 4 2% (2(n - k))!)\n,k
= — 8 9
uanlq) =4 g kzzoq (2n 4 2k + 4) (4k +4) (n — k 4 1)1220—=0+1
2 n
) b4 6 Q2n— E))!an,ﬁ)\n,l{
= —16x)
||M2n+1||d(134) 2+ 3 7 n+e+3)n—L0+ 1)122(m=06

=0

4 128710 Xn: 2k — ) laty kotn ehk e
2 (et 4+ 3k — £+ D200
K, i=0
n az
64710 nk
+osm l;zk+3

and

2 " 2(n — ) B thn
P 167162 Q2 —0))Bn,erne

2 _ _
lu2nller @) = 2,572 "+ L+ 2)(n— L+ 220D

=0

4 128710 Xn: (2(k — 0))! Bk Bn,erk.e
Py k+2+2)(k—L+ 1)!22(k—€)
k,0=0
n /32 .
3210 "
o ,;k 1 0

5 The Slice Regular Bergman Theory of the Second Kind

Let £2 € H be an axially symmetric s-domain. We introduce here a family of
Bergman-type spaces. For every i € S* we set

o ($) = {f € SR(2) ‘ 11 = fg | fig, > doi < oo}.
On o7 (£2;) we define the scalar product

(f,ghzf(.oi):fﬂlfddig

It is useful to compare this with formula (3) and Definition 4, where the functions
are also slice regular but, besides, they are a priori in .25 (§2, H) while here only the
restrictions of slice regular functions are in the corresponding %5 (£2;, H).

In this section there are a few results that can be proved as in the complex case.
To point out this fact, we simply write that the proofs follow by standard arguments.
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Theorem 3 (Completeness of <7 (§2;)) Let §2 be a bounded axially symmetric s-
domain. The spaces (<7 (§2y), || - | o7 (2;)) are complete for every i € S?.

Proof 1t follows by standard arguments as in the complex case. g

Remark 4 Let §2 be a given bounded axially symmetric s-domain in H.

e Theorem 3 implies that the Bergman spaces .7 (§2;), for i € S?, are quaternionic
right linear Hilbert spaces.

e Since fio, = F + Gj where F, G : £2; — C(i) are holomorphic functions and
j L1, then for fio, € 97(82;) there holds: F, G € 7 (£2;). This follows from the

inequalities
/ |F|* do
£24

< fialls -
/ |G| do
24

Proposition 1 and Remark 4 imply that given any g € £2; the evaluation functional
¢4 :  (§2;) — H, given by

gl f1:=fq)., Vfed ),

is a bounded quaternionic right-linear functional on .7 (£2;) for every i € S2.
The Riesz representation theorem for quaternionic right-linear Hilbert spaces
shows the existence of the unique function K, (i) € &7 (£2;) such that

d’q [f|Q,] = <Kq (1)7 ﬂQl)Q/(Ql)

Denoting #,(q, -) := K_q(i) we have

fiei@) = /Q Ho(q,)doi fig,,  Yfio € A (82), (6)
moreover, we give the followling
Definition 7 (Bergman kernel associated with §2;) The function

() 2 x 2 — H

will be called the Bergman kernel associated with £2;.

The Bergman kernel #g; is, in general, a quaternionic valued function which
however satisfies the Cauchy-Riemann equation if restricted to any complex plane
C(). Thus one may ask if this function is related to the classical Bergman kernel.
The answer is contained in the next result.

Proposition 5 The Bergman kernel X, coincides with the classical Bergman ker-
nel on $2;, for any i€ S.
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Proof By the Splitting Lemma, fio, = F + Gj, where F, G are C(i)-valued holo-
morphic functions, so we have
¢qlfigil = (K@), F +Gi) o
=(Kq(@). F) o, +{Kq®.G) q)d  Vfia € ().

If g € C(i) we have
Fo)= [ Aa.dor.
£24

G(g) = /9 Ko (q,)doiG.

However, on the complex plane C(i) the holomorphic functions F, G can be written
using the classical Bergman kernel in one complex variable. By the uniqueness of
the function (g, -), it coincides with the classical Bergman kernel. O

As an immediate consequence of the previous proposition, we have the following

Remark 5 (Properties of the Bergman kernel associated with £2;) Let £2 C H be an
axially symmetric s-domain. Let i € S? and £2; := £2 N C(i). Then the slice Bergman
kernel associated to £2; satisfies the properties:

() Ho(z, w)=Ho(w,z), for z, w € £2;.
(ii) o, (-,-) is anti-holomorphic with respect to its second coordinate.
(iii) g, (-,-) is a reproducing kernel on £2;.
(iv) Let {¢,},en be a orthonormal total family of functions in A(£2;), and let Kj be
a compact subset of £2;. Then

> p2)¢w)

n>0
sums uniformly on K;j x Kj to the Bergman kernel %, (z, w).

The proofs of the various facts are immediate consequences of Proposition 5,
but a comment is in order. The function JZ, (z, w) is C(i)-valued. The conjugation
considered in (i) is the quaternionic conjugation which, in particular, restricts to the
complex conjugation on each complex plane, so (i) follows.

Proposition 6 Let §2 be an axially symmetric s-domain and consider two imaginary
units t,s € S. Let us consider the function defined by

1 1
A (x4 yior) = S (1 =i AG(x+ 8 r) + (10 H (v = ytr). (7)
Then it can also be written as

1 1
Jo(x +yi,r)= 5(1 —is) o, (x + ys,r) + 5(1 +1is).Zo,(x — ys, ). )
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Proof Both functions defined by the right-hand sides of (7) and (8) are slice regular,
by construction, and coincide with the Bergman kernel %, (z, w) on the complex
plane C(i). Thus, by the identity principle they coincide on £2. O

This result assures that the following definition is well posed.

Definition 8 (Slice Bergman kernel of the second kind associated with £2) Let
H;(+,) 1 2 x §2j — H be the Bergman kernel associated with £2j. We will call
slice Bergman kernel of the second kind associated with §2 the function

o2 x 2 — H,
defined by

1 1
A (x4 yiur) = 5 (1= 1) Ay (x + yi, )+ S (4, (xr = i r).

Proposition 7 (Properties of the slice Bergman kernel of the second kind associated
with £2) Let 2 C H be an axially symmetric s-domain. Then the slice Bergman
kernel of the second kind g satisfies the properties:

(1) '%/Q(qu):'%/ﬂ(rvq)»forrvq E‘Q'
(1) o (-,-) is slice right anti-regular with respect to its second variable.
(iii) o (-,-) is a reproducing kernel on 2. More precisely, leti € S then

r@=[  Aaqofdo
£2NC(31)
and the integral does not depend on i € S*.

Proof We have the following identities:

S 1
A (437 = 5 (1= i) Hay (x4 i)+ 5 (1 +0) KAy (x = yi.r)

1 1

— 1 - 1
1 1
= Hoy(r,x +yj)§(1 +ij) + Ao (. x — yj)E(l —ij). O

Since (9) is the right hand side of the representation formula for slice right anti-
regular functions, we get:

Ho(x +yi,r)=THo(r, x + yi),

which is equivalent to the formula (i).

(ii) The fact that the kernel .2 (g, r) is slice left regular with respect to ¢ and
slice right anti-regular with respect to r follows from the representation formula and
Remark 5, (ii).
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(iii) The integral

Fl@)= / Ho(q,) [ doy
2nCaH)

does not depend on i € S? by the representation formula. U

We conclude by noting that the slice Bergman kernel of the second kind %5, can

be computed in closed form whenever it is known the corresponding slice Bergman
kernel Zg,. For example, it is possible to construct .7 when 2 is the unit ball
in H thus overcoming the difficulties shown in Corollary 1. The knowledge of a
closed form of the kernel is useful for several reasons and has been used in [12]
to construct the Bergman-Sce transform in the setting of slice monogenic functions.
We will postpone to a forthcoming paper a more detailed study of the slice Bergman
kernel of the second kind as well as the comparison of the two theories of first and
second kind.
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A Bloch-Landau Theorem for Slice Regular
Functions

Chiara Della Rocchetta, Graziano Gentili, and Giulia Sarfatti

Abstract The Bloch-Landau Theorem is one of the basic results in the geometric
theory of holomorphic functions. It establishes that the image of the open unit disc D
under a holomorphic function f (such that f(0) =0 and f’(0) = 1) always contains
an open disc with radius larger than a universal constant. In this paper we prove
a Bloch-Landau type Theorem for slice regular functions over the skew field H
of quaternions. If f is a regular function on the open unit ball B C H, then for
every w € B we define the regular translation fuw of f.The peculiarities of the non
commutative setting lead to the following statement: there exists a universal open set
contained in the image of B through some regular translation f,, of any slice regular
function f : B — H (such that f(0) =0 and d¢ f(0) = 1). For technical reasons,
we introduce a new norm on the space of regular functions on open balls centred at
the origin, equivalent to the uniform norm, and we investigate its properties.

1 Introduction

After the great development of the theory of holomorphic functions, there have been
many attempts, and successes of different character, to build analogous theories of
regular functions whose domain and range were the quaternions H. The most suc-
cessful theory, by far, has been the one due to Fueter (see the foundation papers
[7, 8], the nice survey [21], the book [1] and references therein). More recently,
Cullen (see [5]) gave a definition of regularity that Gentili and Struppa reinterpreted
and developed in [12, 13], giving rise to the rich theory of slice regular functions.
For this class of functions there have been proved the corresponding of several re-
sults of the complex setting, that often assume a different flavour in the quaternionic
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setting. For instance we can cite, among the most basic, results that concern the
Cauchy Representation Formula and the Cauchy kernel, the Identity Principle, the
Maximum Modulus Principle, the Open Mapping Theorem and a new notion of
analyticity [3, 9—11, 13]. Moreover, the theory of slice regular functions has been
extended and generalized to the Clifford Algebras setting, and to the more general
setting of alternative algebras, originating a class of functions that is also under deep
investigation at the moment (see [4] and references therein, and [15, 16]).

An important property, that distinguishes slice regular functions from the Fueter
regular ones, is that power series with quaternionic coefficients on the right,
Y ol 0q"an are slice regular. Furthermore, on open balls centred at the origin, to
have a power series expansion is a necessary and sufficient condition for a function
to be slice regular. Since we will work with functions defined on open balls cen-
tred at the origin, we will make use of this characterization. Indeed, the purpose
of this paper is to prove an analog of the Bloch-Landau Theorem for slice regular
functions. In the complex case, this result is an important fact in the study of the
range of holomorphic functions defined on the open unit disc . It states that the
image of D through a holomorphic function cannot be “too much thin”. In fact, un-
der certain normalizations, it contains always a disk with a universal radius. One of
the first lower bounds, %, of this constant is due to Landau, see the book [19]. The
same author gave also better estimates in [18]. Recently, the Bloch’s Theorem in the
quaternionic setting has been investigated with success in [17].

In our approach, since composition of slice regular functions is not regular in
general, we have to define the set of regular translations of a regular function f
defined on the open unit ball B of the space of quaternions. We then prove the
existence of a universal open set &, different from a ball, always contained in the
image of the open unit ball B under some regular translation of any (normalized)
slice regular function f. Thus we provide a further tool to the geometric theory of
slice regular functions.

The paper is organized as follows: Sect. 2 is dedicated to set up the notation and
to give the preliminary results; in Sect. 3 we prove an important property of the
uniform norm on balls centred at the origin; in Sect. 4 we define a new norm on the
space of slice regular functions (on open balls centred at the origin) and we use it
to set up a mean value theorem; the last section is devoted to prove a Bloch-Landau
type Theorem for slice regular functions.

2 Preliminaries

Let H denote the non commutative real algebra of quaternions with standard basis

{1,i, j, k}. The elements of the basis satisfy the multiplication rules
i?=jt=k*=—1, ij=k=—ji, jk=i=—kj, ki = j=—ik,

that extend by distributivity to all g = xo 4+ x1i + x2j + x3k in H. Every ele-
ment of this form is composed by the real part Re(q) = x¢ and the imaginary part
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Im(q) = x1i +x2j + x3k. The conjugate of g € H is then g = Re(q) —Im(g) and its
modulus is defined as |g|> = gg = Re(q)? + |Im(q)7|2. We can therefore calculate

the multiplicative inverse of each ¢ # 0 as ¢~ = #. Notice that for all non real
q € H, the quantity |II’£((Z))| is an imaginary unit, that is a quaternion whose square

equals —1. Then we can express every g € H as ¢ = x + yI, where x, y are real (if
g € R, then y =0) and / is an element of the unit 2-dimensional sphere of purely
imaginary quaternions,

S:{qu|q2=—1}.

In the sequel, for every I € S we will define L; to be the plane R + R/, isomorphic
to C, and, if £2 is a subset of H|, by §2; the intersection £2 N L;. Also, for R > 0, we
will denote the open ball centred at the origin with radius R by

B(O,R)={q €H]|lg| <R}

We can now recall the definition of slice regularity.

Definition 1 A function f : B = B(0, R) — H is slice regular if, for all I € S, its
restriction f7 to By is holomorphic, that is it has continuous partial derivatives and
it satisfies

_ 1/ 9 0
arfx+yl) ::E(a+15>f1(x+y1)=0

forall x + yI € By.

In the sequel, we will avoid the prefix slice when referring to slice regular func-
tions. For regular functions we can give the following natural definition of deriva-
tive.

Definition 2 Let f : B(0, R) — H be a regular function. The slice derivative (or
Cullen derivative) of f at g = x + yI is defined as

9
dcfx+yl)= 8—xf(X+y1)~

We remark that this definition is well posed because it is applied only to regular
functions. Moreover, since the operators d¢ and 9; do commute, the slice deriva-
tive of a regular function is still regular. Hence, we can iterate the differentiation
obtaining (see for instance [13]),

n

agf=ﬁf for any n € N.

As stated in [13], a quaternionic power series ), . ¢"a, with {a,},eny C H de-
fines a regular function in its domain of convergence, which is a ball B(0, R) with R
equal to the radius of convergence of the power series. Moreover, in [13], it is also
proved that
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Theorem 1 A function f is regular on B = B(0, R) if and only if f has a power
series expansion
. 1o"f
F@ =) q"ay witha,=—-=2(0).

n! ox”"
n>0

A fundamental result in the theory of regular functions, that relates slice regular-
ity and classical holomorphy, is the following, [13]:

Lemma 1 (Splitting Lemma) If f is a regular function on B = B(0, R), then for
every I € S and for every J € S, J orthogonal to I, there exist two holomorphic
functions F, G : B — Ly, such that for every z = x 4+ yI € By, it holds

f1@x)=F(2)+ G(2)J.

The following version of the Identity Principle is one of the first consequences,
(as shown in [13]):

Theorem 2 (Identity Principle) Let f be a regular function on B = B(0, R). Denote
by Zy the zero set of f, Zy ={q € B | f(q) = 0}. If there exists I € S such that
By N Zy has an accumulation point in By, then f vanishes identically on B.

Another useful result is the following (see [2, 3]):

Theorem 3 (Representation Formula) Let f be a regular function on B = B(0, R)
and let J € S. Then, for all x + yI € B, the following equality holds

1 1
f(x+y1)=E[f(eryJ)Jrf(x—yJ)]JrIE[J[f(x—yJ)—f(X+yJ)]]-

In particular for each sphere of the form x + yS contained in B, there exist b, c € H
such that f(x +yl)=b+ Icforall I €S.

Thanks to this result, it is possible to recover the values of a function on more
general domains than open balls centred at the origin, from its values on a single
slice L;. This yields an extension theorem (see [2, 3]) that in the special case of
functions that are regular on B(0, R) can be obtained by means of their power series
expansion.

Remark 1 If f7 is a holomorphic function on a disc By = B(0, R) N L; and its
power series expansion is

o
fi) =) _7"ay, with {a,}yen CH,
n=0
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then the unique regular extension of f; to the whole ball B(0, R) is the function
defined as

o0

ext(f1)(g) = _q"an.

n=0
The uniqueness is guaranteed by the Identity Principle 2.

If we multiply pointwise two regular functions in general we will not obtain a
regular function. To guarantee the regularity of the product we need to introduce a
new multiplication operation, the x-product. On open balls centred at the origin we
can define the x-product of two regular functions by means of their power series
expansions, see [9].

Definition 3 Let f, g : B = B(0, R) — H be regular functions and let

f@=Y) q"an,  g@=) q"by

n=0 n=0

be their series expansions. The regular product (or x-product) of f and g is the
function defined as

fxg(q)= ZCI"(Zakbn—k),
k=0

n=0
regular on B.

Notice that the x-product is associative but generally it is not commutative. Its
connection with the usual pointwise product is stated by the following result.

Proposition 1 Let f(q) and g(q) be regular functions on B = B(0, R). Then, for
all g € B,

F@Qs(f@ 'qf (@) if f(@) #0

(D
0 if f(q)=0.

f*g(q)={

We remark that if ¢ = x + yI (and if f(g) # 0), then f(¢)~'qf (¢) has the same
modulus and same real part as g. Therefore f(g)~'qf(g) lies in the same 2-sphere
x + y¥S as g. We obtain then that a zero xg + yo/ of the function g is not necessarily
a zero of f x g, but an element on the same sphere xo 4+ yoS does. In particular a
real zero of g is still a zero of f x g. To present a characterization of the structure of
the zero set of a regular function f we need to introduce the following functions.

Definition 4 Let f(q) = ZZOZO q"ay, be a regular function on B = B(0, R). We
define the regular conjugate of f as

f@=>q"aw.

n=0
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and the symmetrization of f as

P@=r*f@=rxflg= Zq"<2akm>.

n=0 k=0

Both f€ and f* are regular functions on B.

Remark 2 Let f(q) = ZZOZO q"a, be regular on B = B(0, R) and let I € S. Con-
sider the splitting of f on L;, f;(z) = F(z) + G(z)J with J € S, J orthogo-
nal to I and F, G holomorphic functions on L;. In terms of power series, if
F(2)=Y .2 0"y and G(z) = Y, (2" By We have

[1@=) ay =Y an+ Y "But =D 7"+ Bu))
n=0 n=0

n=0 n=0

Hence the regular conjugate has splitting
o o0 o0
fi@=) "+ Bal) =) T — Y "Bul.
n=0 n=0 n=0
That is
1@ =F@ -G@)J.

The function f* is slice preserving (see [2]), i.e. f*(Lj) C Ly for every I €S.
Thanks to this property it is possible to prove (see for instance [9]) that the zero set
of a regular function that does not vanishes identically, consists of isolated points or
isolated 2-spheres of the form x 4+ yS with x, y € R, y #0.

A calculation shows that the slice derivative satisfies the Leibniz rule with respect
to the *-product.

Proposition 2 (Leibniz rule) Let f and g be regular functions on B = B(0, R).
Then

dc(f*g)(q)=0cf*g(q)+ f*0dcglq)

for every q € B.
A basic result in analogy with the complex case, is the following (see [10]).

Theorem 4 (Maximum Modulus Principle) Let f : B = B(0, R) — H be a regular
function. If | f| has a local maximum in B, then f is constant in B.

In [14] it is proved that we can estimate the maximum modulus of a function
with its maximum modulus on each slice.



A Bloch-Landau Theorem for Slice Regular Functions 61

Proposition 3 Ler f be a regular function on B = B(0, R). If there exist an imagi-
nary unit I € S and a real number m € (0, +00) such that

S1(Bp) C B(0,m),
then
f(B) C B(0,2m).

In particular, if we set m = sup g, | f(2)|, then

sup| f(q)| <2m. 2)
qgeB

3 Uniform Norm and Regular Conjugation

This section is devoted to prove that the uniform norm on an open ball centred at
the origin is the same for a regular function and for its regular conjugate.

Proposition 4 Let ¢ be in H. Then the sets {cl | I € S} and {Ic | I € S} do coincide.

Proof Letc=a+bJ witha,beRand J €S. Letus fix / € S. We want to find an
element L of S such that ¢I = Lc, that is such that

al +bJI =aL +bLJ. 3)

Let us denote by (, ) the usual scalar product and by x the vector product. Recalling
that for all imaginary units /, J € S the following multiplication rule holds, see [13],

1J=—(1,J)+1xJ,
we can write Eq. (3) as
al +b(—(J,I)+J xI)=aL+b(—(L,J)+L x J).

If we complete J to a orthonormal basis 1, J, K, JK, of H over R, then we can
decompose

I=iiJ+iK+i3JK and L=4LJ+LbLK+RBJK,
obtaining that
JxI=—i3K+irJK and LxJ=kK-DLhJK.
Hence we need an imaginary unit L such that

a(iyJ +i2K +i3JK)+b(—i1 +—i3K +i2JK)
=alliJ + LK +13JK)+b(—11 + 13K — [, JK).
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Considering the different components along 1, J, K, JK, we get that L has to
satisfy the following linear system

bi1 =bly
ai] = al;
. . “4)
air — biz =aly + bls
biy + aiz = —bly + alz
that has a unique solution (/1, />, [3) determining L. O

Proposition 5 Let f be a regular function on B = B(0, R). For any sphere of the
form x + yS contained in B the following equalities hold.

inf|f(x+y1)| = inf|fc(x+y1)| and sup|f(x+y1)| :sup|fc(x+y1)|.
1S 1€S IeS IeS

Proof Let ¢ = x + ylI be an element of B. Theorem 3 yields that f is affine on the
sphere x + yS and there exist b, c € H such that f(x + yI) =b+ Ic forall I €S.
We want to compare now the value of f with the one attained by f¢ by means of
their power series expansions. If f has power series expansion f(g) = _,-0¢"an
and we set w = x + yJ, then by Theorem 3 we get B

F@=fG+yD= %(Z w'ay + Zmn) + (Zmn -y w”an>

n>0 n>0 n>0 n>0
1 S 1J _
=5 Z(w" + w")a, + > Z(w” —w")ay,
n>0 n>0
= —ZZRe )an + %Z—Zlm(wn)an
n>0 n>0
= ZRe ” an +1 Z|Im |an (5)
n>0 n>0

Hence the constants b and ¢ are
b= ZRe(w")an and c= Z|Im |an
n>0 n>0

Since the power series expansion of f“is f“(¢) =), ¢q"a,, we obtain that for
alll €S -

fe (x+y1)—ZRe an+IZ|Im |a,,
n>0 n>0

Notice that Re(w") and |Im(w™)| € R for all n > 0, then, in terms of b and ¢, we
can write

fSx+yH=b+1Ic

for all I in S. Hence

sup|f (x+y1)|_sup|b+1c|_sup|b+1c|_sup|b—c1|_sup|b+cl|
IeS IS
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By Proposition 4 we obtain that
sup|fc(x~|—y1)| =sup|b+cl|=sup|b+ Ic| =sup|f(x+yl)’.
IeS 1S IeS 1S

Exactly the same arguments hold for the infimum, so we can conclude also that

inf| (e + y D[ = inf| f (e + yD. O

Corollary 1 Let f be a regular function on B = B(0, R). Then
sup|f(q)| =sup|f(g)| and inf|f(g)| = inf|f(q)|.
geB geB q€B qeB

Proof If S is the subset of R? defined as
S={(x,y) eR*|y>0, x>+ y* < R*},
then we can cover the entire ball B with spheres of the form x + yS as
B = U x+yS= U Ux+y1.
(x,y)€S (x,y)eS I€S

By Proposition 5 we get

Sup|f(q)| = sup suplf(x +yD)|

(x,y)eS I€S

= sup sup|f° (x+y1)|—SuP|f (@]
(x,y)eS IeS

and the same holds for the infimum, hence we have also

inf] £@)] = int | 1Ga)]. .

4 A Norm for a Mean Value Theorem

The main technical tool to prove an analog of the Bloch-Landau Theorem for regular
functions is stated in terms of a new norm. This norm is equivalent to the uniform
norm, on the space of functions that are regular on an open ball B centred at the
origin, B = B(0, R). The motivation to introduce this norm relies upon one of its
properties, stated at the end of the section, which is useful to prove a mean value
theorem.

Let f: B — H be a regular function. Take 7/, J € S, I orthogonal to J and, ac-
cording to the Splitting Lemma 1, let F, G : B; — L be the holomorphic functions
such that the restriction of f to By = BN Ly is

f1(2)=F(@) +G(2)J.
Let £2 be a subset of the ball B, and let || - || denote the uniform norm on 2 C B,

- lle=sup|-]|.
2
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For any I € S, we will indicate with || - ||; the function
l-l7:{f:B— H]| f is regular} — [0, +00)
defined by
LAIF = IFIG, +1GI3,-
Remark 3 For all I € S, the function || - ||; does not depend on J; in fact, if we

choose another imaginary unit K € S, orthogonal to /, then the splitting of f on L,
is

f12) =F()+GR)K,

where F(z) = F(z), because I and K are orthogonal, and hence G(z)=G()JK
Then

G(2)| =G /K| =|G()

for all z in By, and hence || f||; does not change.

Consider now the function
|- Il :{f:B— H]| f isregular} — [0, +00)
defined by
Ifl= ilé}g)llfllk

Proposition 6 The function | - || is a norm on the real vector space B = {f :
B — H| f is regular}.

Proof Let f e A, 1 €8S, and take J € S orthogonal to /. Let F, and G be the
holomorphic functions on Ly, such that f7(z) = F(z) + G(z)J for all z € B;. Then:
e || fIl=0if and only if, forall I €S,

0=IfIF=IFI3 +1GI3,.

and hence if and only if F = G = 0. By the Identity Principle 2 we can conclude
that || f|| =0 if and only if f =0.

e Let c € R. Then the splitting of fcon L;is (fc);(z) = F(z)c+ G(z)cJ. Hence,
using the homogeneity of the uniform norm, we have

I fell®>=sup |l fel7
IeS
=sup([ F 3, lcI* + IGII3,Ic1?)
1S

= sug(nFn%, +1GIE,)lel* = lelILf 1
=
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o If F;, G| are the splitting functions of regular functions f; with respect to / and
J for j =1,2, then

(Al + 1 £A00)

2
= (IR, + 16113, +IE13, + 16213, )
= |Fill, + 1G1l3, + 1 P2, + G213,

+2\/(||F1||é, +1G1Ig,)(1F2lg, + 1G2l13,), (6)

and
If1+ £217 =1 F1 + F2ll5, + G1 + Gallg,
=|(F + F2)2”3, + (G + G2)2||B,
= |Ft + F3 +2F 2| 5, + |GT + G5 +2G1Ga |,
< |Fl g, + | F2 ] 5, + 21115 P25,
+ ]Gt 5, + [G3] 5, + 211G, G2l - (7)
The last quantity in Eq. (7) is less or equal than (|| f1||7 + | f2117)? if and only if
I Fillg 1F21lB; + 11G 1B, 1G2ll B,
< \/(||F1||§, +1G1lIg,) (1215, + 1G2l13,),
that is, if and only if
((IF1 B, 1G N B,). (I P21l B 1G22l 8,))
< JIE, + 16113, 1B, + 16213,

that holds thanks to Cauchy-Schwarz inequality for the scalar product on R2.

Therefore the function || - || is a norm. O
Let us now show that the norms || - || and || - || 5, defined on 4, are equivalent.

Proposition 7 Let f : B = B(0, R) — H be a regular function. Then

2
gllfll <Iflls =1fII

Proof Let I, J €S, I orthogonal to J, and let F, G be holomorphic functions on
Ly, such that fj(z) = F(z) + G(z)J for all z € B;. Then we have

IIfIIB—suplf(q)I — sup sup | f1(2)|

1€S zeBy

=sup sup]F(z)~|—G(z)J| =sup sup(!F(Z)’ —i—’G(z)})

IeS zeBy IeS zeBy
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< sup(sup |F(z)’2 + sup ]G(Z)F)

IeS “zeBy ZEBJ

=sup(| Fll3, + 1GI3,) =11

IeS
Conversely
I£17=sup |l £1I7 =sup(I Fli3, + 1Gl3,)
IeS IeS
2 2\ _ 2
<sup(ll f1lig, + 1 fllz,) =21 f 1l O

IeS

As we anticipated at the beginning of this section, in terms of the norm || - || we

can state (and prove) a mean value theorem.

Theorem 5 Let f be a regular function on B = B(0, R) such that f(0) =0. Then

la= F @] < I9c £l
forall g € B.

Proof Let I €S and take J € S orthogonal to /. By the Splitting Lemma 1 there
exist ', G : Bf — L holomorphic functions, such that f7(z) = F(z) + G(z)J for
all z € B;. By the Fundamental Theorem of Calculus for holomorphic functions
(see for instance Theorem 3.2.1 in book [20]), we get that

T F@[<|F]y, and [T'G@| < |G,
for all z € By. Hence
@ = F@ @I = PO + 6@
<[ F', + 16", =loc 117
Siggllacf||%=llacf||2. (8)

Since ||d¢c f|| does not depend on I, we have that inequality (8) holds for every
q €B. O

Remark 4 As a consequence of Theorem 5 and of the Maximum Modulus Princi-
ple 4, we get also that if f is regular on B(0, R), then for all r € (0, R)

sup [ f(@)] <rlldcfl- )
q€B(0,r)
We conclude this section showing that, as the uniform norm, the norm || - || satis-

fies the following

Proposition 8 Ler f be a regular function on B = B(0, R). Then || f|| = || f€Il.
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Proof Let I € S. By Remark 2, if the splitting of f7 is f1(z) = F(z) + G(z)J for
all z € By, then the regular conjugate of f splits as

ff2)=F@ —G@)J.

Since the (complex) conjugation is a bijection of B; and the modulus | F'(z)| is equal
to |F(z)| for all z € By, we get that

1715 = [F@ 3, + 1-GI3, = 1FI3, +1GI3, = 1 £13. (10)

Since equality (10) holds for every I in S, we can conclude. O

5 The Bloch-Landau Type Theorem

For p > 0, let us denote by &'(p) the open set

O(p) ={q € H|1q < p[Re@)|}.

Notice that the intersection of &'(p) with a slice Ly = {x + yI | x, y € R} is the
interior of an eight shaped curve with equation

3
(x2 + yz)2 = px>.

We remark that this curve always contains two discs with positive radius depending

just on p. For example, we can take the discs centred in (£, 0) and in (—£,0), of

radius % p2. Therefore, the open set €(p) always contains two open balls of radius

37 2
at least 5s¢0°.

Lemma?2 Let f: B= B(0, R) — H be a (non constant) regular function such that
f(0) =0 and that d¢c f(0) € R. Then the image of B under f contains an open set
of the form O (p) where

_ Rlacf )
4lloc £l
Proof Since f(0) =0, if a¢c f(0) = 0O there is nothing to prove. Suppose then that
ac f(0) # 0. Consider a point ¢ outside the image of B under f, then ¢ # 0. We
want to show that ¢ does not belong to &'(p).
For all g € B, define g(q) to be
g@)=(1-f@c').

The function g is regular on B and we can estimate its modulus in the following
manner: let t(q) be the transformation defined by

t@)=(1- f@c ") 'q(1 = fg)c™).

Then, according to Proposition 1 and recalling that |t(g)| = |g| for all ¢, we can
write
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le@]=1(1—F@c™") (1= fF@c™")]
=|(1=r@e Ol = r(z@)e )]
= sup [(1 = f(@c )] sup (1= f@)e™)"].
lgl<R lgl<R

Hence, using Proposition 5,
2
ls@)| = (sup (1= F@e ™)),
lgl<R

that is

!g(q)!% < sup |(1— flg)c )]
lq|<R

By the properties of the uniform norm and by Remark 4 we get then

1
lg(@)]Z <1+ sup |[f(@c | <1+]c|™" sup |f(@)] <1+ lel I fIR. (11)
lgI<R lg|<R

The next step is to estimate from below the quantity |g(q)| > Notice that g isslice
preserving, since it is the symmetrization of a regular function. Moreover g(g) is
never zero. For all 7 in S the map z — z* from L;\ {0} — L;\ {0} is a covering map.
Since By is simply connected, we can lift the function g obtaining a holomorphic
function ¥ : By — Ly \ {0} such that

V@' =(1-f@c ")

and ¥;(0) =1 (since g(0) = 1). Let ¥ be the (unique) extension to B of ¥;. Now
y0) =1,
()t =(1-f@c ") =g@

for all g € B and in particular
2 1
|¥(q)|” =|g(@)|? forallg e B. (12)

. . L
We want to use the power series expansion of ¥ to find a lower bound of |g|2. In
particular we need to compute its slice derivative. Using the Leibniz rule 2 we can
calculate

dcg(@) =dc[(1 = f@c™!) [=8c[(1 = f@ec™")* (1= fl@e")]
=—dcf(@c™ * (1= (f@c™")) = (1= f@c™") xdc(f (@)
Since g = 0 is a real zero of f (and hence of f¢), and since the operators of slice

differentiation and regular conjugation do commute, if the power series expansion
of fis f(q) =Y neq"an, we obtain that

o0

(Bcf@e™) =D "q" "naye !

n=1
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and hence that

3cg(0) = —dc f(0)c™" = dc f(0)c~1 = —2Re(dc £ (0)c ).

Moreover, since g (and ¥) is slice preserving, g(0) = 1, and d¢ f(0) is real, we
have

1 LI_q 1 —1 1 -1
Ic¥ (0) = 7803 10cg(0) = =3 Re(9c fO)c™") = =3 8c S O)Re(c™"). (13)
Let us set
M :=1+|c| Yac fIIR.

Fix r € (0,R) and I € S. Let ¢ € 3B;(0,r), g = re'? for some 6 € [0, 27). By
Egs. (11) and (12) we obtain that for every 6 € [0, 27)

M= |w(re') . (14)
Using the series expansion of ¥ we can write

|llf(rem)|2 = lll(rem)llf(rem)

— (Z %rmw(m)(o)e—lm(J) (Z %rnelnélp(n)(o)>

m=0 n=0

o
= %r"’ﬂww<o>e’<"—'")9w<"><0>. (15)
m:mn.:

If we integrate in 6, then we get

Lo 16\]2 L Zoo L mtng gyl (1-m6 gy ()
m-n n—m n

Thanks to the uniform convergence on compact sets of the series expansion, we
can exchange the order of integration and summation. Then, since fozﬂ e?do =0
if s € Z, s # 0 and equals 27 otherwise, just the terms where n = m survive and
hence we get

1 2 IPNE: 0 r2m ) 00 ’,Zm ) )
—_— = (”1) m = —_— m
o ), (@ (re'®)|" a0 mzzo(m!)zw )& (0) r;)(m!)zw o).

By inequality (14) and since M is a constant, we obtain

wm 2
2n/ Mdo > ')2| Ol

Considering just the first two terms of the series expansion and using Eq. (13), we
get

r219c f(O)*|Re(c™M)*  r?dc f(0)|*| Re(c)]?

2
M=>1+r*acw(0) =1 7 = e
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Recalling the expression of M we have then

r213c £ (0)]*| Re(c) |2

1 o FIIR > 1 ,
+le[ " loc FIR = 1+ e

(16)

that is
of = Tloc S OPIRe()”
- 4lloc fIIR
for all r € (0, R). Hence, if we take the limit as r approaches R, we obtain that if a
point ¢ is outside the image f(B), then it satisfies the following inequality
of » Rldc/ OPIRe()?
- 4lloc fII
That is equivalent to say that the image of B under f contains the open set

0(p)={q H|lqP < p|Re(q)[*},

where
_ Rldcf O
Alldc f1

Let w € H, and let t,, be the translation ¢ — g + w. The composition of a regular
function with 7, is not regular in general. For our purposes we need to define a new
notion of composition in this special case. Notice that if we restrict both functions
to the slice L; containing w, then we can compose them obtaining a holomorphic
function.

O

Definition 5 Let f be a regular function on B = B(0, R) and let w = x + yI € B.
We define the regular translation f,, of f to be the unique regular extension of

f] o (Tw)l,
fu(@) =ext(f1 o (@)1) @),
regular on B(0, R — |w|).

In the proof of the main result, it will be useful the following

Proposition 9 Let f be a regular function on B = B(0, R) and let w,, be a conver-
gent sequence in B, such that lim,_, oo w, = w € B. Set

m:max{{|wn|, neN} U{|w|}}.

Then fw" converges to f~w uniformly on compact subsets of B(0, R — m).

Proof First of all notice that the maximum m exists because of the convergence of

the sequence {w,}. Clearly the sequence t,,, converges (uniformly on compact sets)

to 7. Moreover, if w, ¢ R frequently, then (up to a subsequence) we define
Im(w,)

I,=———— and Ilim [,=1.
| Im(wy,)| n—>00
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If, instead, there exists a natural number ng such that w, is real for all n > ng then
we choose any I € S and set 1, = I for all n > ng in what follows. In both cases,
I € Sissuchthat w e Lj.

By Theorem 3 we can write forall g =x 4+ yJ € B(0, R —m)

- 1.~ -
fw,l(X+yJ) = E[ﬁl),l(x+yln)+.frun(x _yln)]

JIy o ~ -
5 [fun & = Y1) = fu, (6 + Y1)

1
= E[fl,, (x+yI+wn) + f1, (0 — Iy + wy)]

JI,
+ [0 =yl wn) = 1,004 3l + wn)
:%[f(x‘i‘yln‘i‘wn)"i‘f(x_)’In+wn)]
JI,
+ ) [f(x_)’]n+wn)_f(x+yln+wn)]- (17)

Since f is a continuous function, again by Theorem 3 we can conclude that (uni-
formly on compact sets)

lim o, (@) = fu(@)

n—od
for all g € B(0, R — m). O

In order to prove the Bloch-Landau type theorem we need a last step.
Proposition 10 Ler f: B(0, R) — H be a regular function. Then M : [0, R) - R
defined as
M(s) = max| f(g)]
lgl<s

is a continuous function.

Proof If f is constant the statement is trivially true. Let us suppose then that f is
not constant. The Maximum Modulus Principle 4 yields that the function M (s) is
increasing and hence for any sequence s, converging (from above or from below)
to s there exists the limit lim, o, M (s, ). To show that the limit is equal to M (s),
consider first the sequence {s + %}neN- Since B(0, s + %) is relatively compact, we
can find ¢, such that M (s + %) = |f(gn)| for all n € N, and, up to subsequences,
we can suppose that g, converges to go € d B(0, s). Therefore we have

1
M(s) < ,}L”;OM<S + ;> = lim [ f(gn)[ =]/ (q0)].

where the last equality is due to the continuity of the function | f (¢)|. Moreover, by
definition of M we have that | f (go)| < M (s) and hence that

1
M(s):nli)ngoM(s%—;).
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Now ¢q lies in the closure B(0, s), hence we can find a sequence whose term p,, has
modulus |p,| =5 — % for all n € N, such that lim,,— « pn = qo. Then

n—oo

1
M(s) > lim M(s - —) > lim [ f(pn)| = [/ (q0)| = M(s).
Therefore we can conclude that M is continuous. O

Finally we have all the tools to prove the announced Bloch-Landau type theorem
for regular functions. Let B be the unit open ball of H, B = {qg e H | |¢| < 1}.

Theorem 6 (Bloch-Landau type theorem) Let f : B — H be a regular function
such that f(0) =0 and dc f(0) = 1. Then there exists u € B such that the image of
the regular translation f, of f contains an open set obtained by means of a rotation
and a translation of O(p), where the “radius” p is at least ——= > [

Proof Let us set M (¢) to be the function defined on [0, 1) by
M (1) = max|dc f (q)|,
lgl<t

fix r in (0, 1), and consider the function
u(s) =sM(r —s),
defined for s € [0, r]. By Proposition 10, u is a continuous function, ©(0) = 0,
u(s) >0 foralls e[0,r], and u(r) =r. Set
I .
R= Emm{s | wuis) = r},

then 0 < 2R <r.Let w € 9B(0,r —2R) be such that |d¢c f(w)| = M(r — 2R), i.e.
by definition of R, such that |d¢ f(w)| = ﬁ. Let us restrict our attention to the slice
L} containing w. Consider the function ¢; : B(0,2R) N L7 — H, defined by

oc f(w)
|oc f(w)|”
The function ¢; is holomorphic on B(0,2R) N L, because

1) =(fz+w) — f(w)—F—

lg +w| <|g|+|w| <2R+ (F —2R)=r.

Let ¢ be the (unique) regular extension to the entire ball B(0,2R) of ¢;. Then
©(0) =0 and 9ce(0) = |dc f(w)| = #, hence ¢ satisfies the hypotheses of
Lemma 2.

For z € B(0, R) N L; we have that
|dcer(@)] = |dcfz+w)| <M(lz+w|) <M — R) = %{2).

Since u is continuous, w(0) =0 and w(r) =r, then
w(R) r

< K
R R
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otherwise there would exists s < 2R such that p(s) = r, a contradiction with the
definition of R. Therefore

’
&@ABmJnmLQcB<QE>.
Statement (2) of Proposition 3 implies then that
2r
dce(BO, R)) < B(0, = ).
Considering the uniform norm we obtain

locellso.r < =
cy B(O,R) = Rv

and hence, by Proposition 7,

22
locell < fr (18)

on B(0, R). Lemma 2 yields then that ¢ (B (0, R)) contains an open set &(p) where
_ RldcpOP _ RGP _ r
4dcell — 4% 322

Recalling the definition of ¢, we get then

z dcp(0)
w(B(O, R)) — % _—,
fuw(B©,R)) = f(w) D (p(r))wcw(o)|

that yields
dce(0)
10ce(0)]
Therefore for all » < 1 there exist R, > 0 ar~1d w,, with modulus |w,| =r — 2R,,
such that the image of B(0, R,) through f,, contains the open set f(w,) +
O(p(r)) Iggzgg;l . When r approaches 1, by compactness, we can find subsequences

f)+0(p(r)——= C fu(BO, R)).

{R,} and {w,}, converging respectively to Rp > 0 and to wg € B (in fact Ry =0
would imply that ¢ (0) = 1 which is not). Thanks to Proposition 9 we have then that
fw _converges (uniformly on compact sets) to fwo, and hence we get that the image
of fu, contains the open set

o dce(0)
(p)| o0)] + f(wo)

whose “radius” is at least

1
p= hm po(r) > lim

HU%F 322

It is easy to prove that if the regular translation fu that appears in the statement
of Theorem 6 is a real translation (i.e. if u is real), then the universal set &'( > f) is

contained in f(B).

O
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It seems to us that, in general, there is not a universal open set directly contained
in the image f(B) of a (normalized) slice regular function f. And this might be
connected with the fact that, as proved in [6], the Bloch-Landau Theorem does not
hold in C? (and C? and H are strictly related).

In any case the authors plan to further investigate this fascinating subject in the
near future.

References

1. Colombo, F., Sabadini, I., Sommen, F., Struppa, D.C.: Analysis of Dirac Systems and Com-
putational Algebra. Birkhduser, Basel (2004)

2. Colombo, F., Gentili, G., Sabadini, 1., Struppa, D.: Extension results for slice regular functions
of a quaternionic variable. Adv. Math. 222, 1793-1808 (2009)

3. Colombo, F., Gentili, G., Sabadini, I.: A Cauchy kernel for slice regular functions. Ann. Glob.
Anal. Geom. 37, 361-378 (2010)

4. Colombo, F., Sabadini, I., Struppa, D.C.: Noncommutative Functional Calculus. Theory and
Applications of Slice Hyperholomorphic Functions. Progress in Mathematics. Birkhiuser,
Basel (2011)

5. Cullen, C.G.: An integral theorem for analytic intrinsic functions on quaternions. Duke Math.
J. 32, 139-148 (1965)

6. Duren, P., Rudin, W.: Distortion in several variables. Complex Var. Theory Appl. 5, 323-326
(1986)

7. Fueter, R.: Die Funktionentheorie der Differentialgleichungen Au =0 und AAu = 0 mit vier
reellen Variablen. Comment. Math. Helv. 7, 307-330 (1934)

8. Fueter, R.: Uber Hartogs’schen Satz. Comment. Math. Helv. 12, 75-80 (1939)

9. Gentili, G., Stoppato, C.: Zeros of regular functions and polynomials of a quaternionic vari-
able. Mich. Math. J. 56, 655-667 (2008)

10. Gentili, G., Stoppato, C.: The open mapping theorem for regular quaternionic functions. Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5) 8, 805-815 (2009)

11. Gentili, G., Stoppato, C.: Power series and analyticity over the quaternions. Math. Ann. 352,
113-131 (2012)

12. Gentili, G., Struppa, D.C.: A new approach to Cullen-regular functions of a quaternionic vari-
able. C. R. Acad. Sci. Paris 342, 741-744 (2006)

13. Gentili, G., Struppa, D.C.: A new theory of regular function of a quaternionic variable. Adv.
Math. 216, 279-301 (2007)

14. Gentili, G., Vignozzi, I.: The Weierstrass factorization theorem for slice regular functions over
the quaternions. Ann. Glob. Anal. Geom. 40(4), 435-466 (2011)

15. Ghiloni, R., Perotti, A.: A new approach to slice regularity on real algebras. In: Sabadini,
I., Sommen, F. (eds.) Hypercomplex Analysis and Its Applications. Trends in Mathematics,
pp- 109-124. Birkhduser, Basel (2011)

16. Ghiloni, R., Perotti, A.: Slice regular functions on real alternative algebras. Adv. Math. 226(2),
1662-1691 (2011)

17. Giirlebeck, K., Morais, J.: Bloch’s theorem in the context of quaternion analysis. arXiv:
1201.0530v1

18. Landau, E.: Uber die Blochsche Konstante und zwei verwandte Weltkonstanten. Math. Z.
30(1), 608-634 (1929)

19. Landau, E.: Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie.
Springer, Berlin (1929)

20. Lang, S.: Complex Analysis. Graduate Texts in Mathematics, vol. 103. Springer, New York
(1999)

21. Sudbery, A.: Quaternionic analysis. Math. Proc. Camb. Philos. Soc. 85, 199-225 (1979)



Dirichlet-Type Problems for the Iterated Dirac
Operator on the Unit Ball in Clifford Analysis

Min Ku, Uwe Kéhler, and Paula Cerejeiras

Abstract We study a class of Dirichlet-type problems for null solutions to iterated
Dirac operators on the unit ball of R” with boundary data given by function in .,
(1 < p < 400). Applying Almansi-type decomposition theorems for null solutions
to iterated Dirac operators, our Dirichlet-type problems for null solutions to iterated
Dirac operators is transferred to Dirichlet-type problems for monogenic functions
or harmonic functions. By introducing shifted Euler operators and making use of
Clifford-Cauchy transform, we get its unique solution and its integral representation.

1 Introduction

The Dirichlet problem for poly-harmonic and poly-analytic functions in the com-
plex plane is fundamental for solving concrete problems in mathematical physics
and engineering. A large number of investigations on the subject has been done
(see, for instance, [1-5]) by making use of the intimate connection between har-
monic functions and analytic functions in the complex plane. The corresponding
higher-dimensional analogue, the Dirac equation, also plays very important role in
problems in pure mathematics, mathematical physics, and engineering, such as the
theory of specially relativistic quantum mechanics and quantum fields or in image
analysis. The study of null solution to the Dirac equation is called Clifford analysis,
i.e. the theory of monogenic functions (see e.g. [6-9]). It offers an intriguing gener-
alization of complex analysis in the plane into higher dimensions and refines classic
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multi-dimensional harmonic analysis due to the factorization of the Laplacian by the
Dirac operator. In this setting, many results on various boundary value problems for
monogenic functions, null solutions to iterated Dirac equations, and null solutions to
polynomially generalized Cauchy-Riemann equations have widely been published,
e.g. [10-19]. In [10-12], R. Delanghe, F. Sommen, T. Qian, M. Mitrea and others
considered half Dirichlet problems on the unit ball, on the upper half space, and on
Lipschitz surfaces of Euclidean space R". In [13, 14], elliptic boundary value prob-
lems were studied. In [15-19], some Riemann-Hilbert boundary value problems
for null solutions to the iterated Dirac equations and to polynomially generalized
Cauchy-Riemann equations were discussed. More related results can be also seen in
references [20-22]. In this setting, it seems natural to consider Dirichlet-type prob-
lems for null solutions to the iterated Dirac operator. However, as far as we know,
it has not been discussed up to now. Based on ideas contained in [2, 10, 19], the
purpose of this article is to think of Dirichlet-type problems for null solutions to it-
erated Dirac operator with given .%}, (1 < p < 4-00)-boundary data on the unit ball
of R". Applying an Almansi-type decomposition theorem for iterated Dirac operator
in Clifford analysis, we first transfer the problem into the corresponding Dirichlet-
type problem for monogenic or harmonic functions. Then introducing shifted Euler
operators and making full use of the Clifford-Cauchy transform, we get an integral
representation of the unique solution to Dirichlet-type problems for null solutions
to iterated Dirac operators with .Z, (1 < p < 400) boundary data on the unit ball
of R".

The paper is organized as follows. In Sect. 2, we recall some basic facts about
Clifford analysis which will be needed in the sequel. In Sect. 3 we will present
several technical lemmas. In Sect. 4 we will consider half Dirichlet problem on
the unit ball R" with boundary values given by .2, (1 < p < 4-00)-functions in
Clifford analysis. Applying an Almansi-type decomposition for iterated Dirac op-
erator in Clifford analysis, in virtue of shifted Euler operators and the Clifford-
Cauchy transform we get the unique solution to it. In the last section, we further
study the Dirichlet problem on the unit ball R" for poly-harmonic functions, i.e.
null solutions to iterated Dirac operator of even order, with boundary data given by
2, (1 < p < +o00)-integral functions in Clifford analysis. Making full use of the
Almansi decomposition theorem for poly-harmonic functions and Clifford-integral
operators, we give the unique solution to it.

2 Preliminaries and Notations

In this section we recall some basic facts about Clifford analysis which will be
needed in the sequel. More details can also be found in [6-8, 23-29].

Let {e, e2,...,e,} be an orthogonal basis of the Euclidean space R”, let R”
be endowed with a non-degenerate quadratic form of signature (0,n) and let
Ro,, be the 2"-dimensional real Clifford algebra constructed over R" with ba-
sis {eyy 1 A ={hy,....h,} € PN, 0<hy <h, <n}, where 4 stands for
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the set {0, 1,2,...,n} and &4 denotes the family of all order-preserving sub-
sets of .#". We denote by ey the identity element 1 and by ep,..,, = ey for
o ={hy,...,h;} € 4. The product in Ry, is defined by the rules: ei2 =-—1
fori =1,2,...,n and e;ej +eje; =0 for 1 <i < j <n. Thus the real Clifford
algebra Rp , is a real linear, associative, but non-commutative algebra. For arbi-
trary a € Ro, we have a = ZN(%):k Aoy = ZN(M):k[a]k, a. € R, where
[alr = ZN(W)zk egzlalgy is the so-called k-vector part of a (k =0,1,2,...,n).
The Euclidean space R" is embedded in Ry, by identifying (x1, x2, ..., x,) with
the Clifford vector x given by x = Z'}-Zl e;jxj. The conjugation in Rg, is de-

fined by @ = Y, a/éy, 8oy = (=)' ey, N(/) =k, ay € R, and hence
ab = ba for arbitrary a, b € Ry ,. Note that x2 = —(x,x) = —|x|%. The complex

Clifford algebra C, = Rp,, ® C can be written as C, = Ro,, @ iRy . Arbitrary
A € C, may be written as A = a + ib, a,b € Ry, leading to the conjugation
A =a — ib, where the bar denotes the usual Clifford conjugation in Ry_,. This leads
to the inner product and its associated norm in C, given by (A, u) = [Au]o and
= V0o = (X 1hw D)2

The vector-valued first order differential operator 2 = Z?Zl ejdy; is called the
Dirac operator and we have 22 = —A, where A is the Laplace operator in the
Euclidean space R”.

Let £2 be a subdomain of R”. In what follows, we denote the interior of §2 by
£24 and its boundary by 9£2. Continuity, Holder-continuity, continuously differen-
tiability, £, (1 < p < +o00)-integral and so on, are defined for a C,-valued func-
tion ¢ =) ey : 2 — C, where ¢ : 2 — C, by being ascribed to each
component ¢, . The corresponding spaces are denoted, respectively, by €' (£2, C,),
HA(2,C,) 0O<pu<1), €' (2,Cp), Z,(£2,C,) (1 < p < 400) and so on. Null
solutions of the Dirac operator &, that is, Z¢ = 0, are called (left-) monogenic
functions. They are called right-monogenic functions in case where the Dirac op-
erator is applied from the right. The set of left-monogenic functions in §2 forms a
right-module, denoted by M, (£2, C,,).

3 Several Lemmas

In this section we present several lemmas which are necessary for the proofs in the
next sections.

Definition 1 Suppose §2 is a star-like subdomain of R with the center a € R". The
family of Euler operators with a shift on §2 is defined by

n
Eg=sI+Y (xj—ajd,; (s>0), xe,
j=1

where a = Z?:l ejaj and I denotes the identity operator on 2.
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The operator I : €(£2,C,) — €(£2, C,) is defined by

1
Isqj:/ ¢(a+t(x—a))t371dt (s > 0).
0

Particularly, when £2 is the unit ball with the center at the origin of R"” we have

1
15¢=/ o) Ndr (s>0), x € 2.
0

Moreover, if ¢ € €'(£2,C,) we have Ejly, = ILE; = I, ZEsp = E (199,
Es(x —a)p = (x —a)Es+1¢, where I denotes the identity operator on the space
€1(£2,C,). If ¢ € €X(2,C,) (k €N) is a solution to the equation Z¥¢ = 0, then
Es¢ and I;¢ are both solutions to the equation Z¥¢ = 0, where 2% = 2%~ 1(2¢).
In this context, to avoid discussions of the well-known case, we always assume that
k > 2 in the future.

First of all we need the following decomposition theorem.

Lemma 1 ([30]) Suppose $2 is a star-like subdomain of R" with the center a € R".
If the function ¢ € €*(2,C,) is a solution to the equation D*¢ =0, then there
exist uniquely determined functions ¢, such that

k—1
p=> (x—ay¢;. xe,

j=0

where ¢ is monogenicon 2 (j =0,1,2,...,k—1).

Secondly, the action of the Dirac operator in the components is given by the
following lemma.

Lemma 2 Let 2 be a subdomain of R" with 0 € 2 and j € N. If the function
¢ € €1(82,C,) is monogenic, then

P i 2 if j =2m,
Ix' ¢ = _2x2(’”_1)Em+[1],]¢a ifj=2m—1,
2 2

where x € 2 and m € N. Moreover, forl,p e Nand2 <l < j,

@lxj¢=Cl,jxjflE%_Hijz]...En;]_‘_[%—]_]qﬁ, (l)

with

[]_{q, ifq €N,
“lg+1, ifs=q+t geN, 0<t<1,
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and

2mm —1)y...(m—p+1), ifj=2m, 1=2p,
“2mm—1)...(m—p), ifj=2m, 1=2p+1,
2lm —1)...(m — p), ifj=2m—1,1=2p,
2m—1)...(cm—p+1), ifj=2m—1,1=2p—1.
Especially, for | = j, we obtain

Cij=

—2im -1, ifj=2m—1.

2 2

D xIp=Eni ... Ensi m1®P wzthC”_{

Proof Applying the well-known relationships
Ax—i—xA:—ZE%, ED — 9E =—-9, Ex —xE =x,

with the Euler operator E =} ;_, xdy;, by direct calculations, the result holds. [J

More related results can also be found in [30].
The corresponding lemma for the case of harmonic functions is given as follows:

Lemma 3 Let §2 be a star-like subdomain of R" with a € §2 and j,l € N. If the
function ¢ € €*($2, Cp) is harmonic, i.e. null solution to the Laplace operator A,
then forl < j,

[1.,12) 2(j-1
Allx* ¢ = Dy j1x 2V >EnT+1+j7,...Enzj+j71¢, x €2,

where Dy j = (=0 j(j—=1)...(j =1+ 1) for0<I<j<k—1.
Especially, when j =1, for arbitrary x € 2, we get

A= (=4 JIEws . Evp1 ;0.

Proof Again, applying the following well-known relationships

Ex? — x’E =2x2, AE — EA = —2A, Ax? — x’A = —4En,

[N

with the Euler operator £ = Z’}=1 xjdy;, by calculating reductively, the result es-
tablishes. O

4 Half Dirichlet Problems for Null-Solutions to 2*

In this section, we will present and consider the half Dirichlet problem on the unit
ball with boundary values given by .Z),-integrable functions in Clifford analysis.
Applying an Almansi-type decomposition for iterated Dirac operator in Clifford
analysis and associating our shifted Euler operators with the Clifford-Cauchy trans-
form we get the integral representation of the unique solution to it.
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Let us denote the open unit ball centered at the origin by B(1) whose closure is
B(1), and its boundary is $”~!. Furthermore, we denote by B, and B_ the interior
and exterior of the unit ball. We remark that w € §"~! is the outward pointed unit
normal vector of §”~!. Functions taking values in C, defined on B(1) and §"~!
will be considered, respectively.

We start by introducing the following functions

L S ]
a(x)=§(1+1x), ﬁ(x)—i(l—zx), x eR".

Particularly, when x = » € §"~!, a(0) = (1 +iw) and f(w) = (1 —iw).
For arbitrary f € .E,,(S”’l, C,.), we define the Cauchy type integral operator

$(x) = /S E@=x)do,f@=Cx)., ¢S 2)

1 o—x
where E(w — x) = P

follows Z¢(x) =0 and

and w,, is the area of the unit sphere of R". Then it

=l pe=+370+ [

x—>teSh— sn—

] E(w—1t)do, f(w)

1
Ziif(t)+(%f)(t),

where x € By and the boundary values exit in sense of non-tangential limit. More-
over, we introduce the operator

O(x) = St E(@ = x)do, f (0) = (C£)(x), x €By,
a %f(t)—}_fsn—l E(w_t)dgwf(w)Z%f(l)—i-(e%”f)(t), xesn—l.
Then @ € .Z,(B(1), Cy).

Lemma 4 If f € fp(S”’],Cn) and ¢ as above, then (I;p)(x), x ¢ "1, is

well-defined and its boundary value (I;)T (1), t € S"~1, exists and (I;p)t €
Lp(S", Cp).

Proof For arbitrary x ¢ "1, 5 >0,

1
(I;)(x) = / $(rx)r*~'dr  is continuous.
0

Furthermore, for arbitrary x € §"1 s> 0and 0 < ¢ < 1, we have

1 l—¢ 1
(1s¢)(x)=/ ptx)rdr = dx)r*Ldr + dx)r* " dr  exists.
0 0

1—¢

Hence, for arbitrary ¢ € s we get that (I;¢) " (¢) = lim,_,,(I;¢)(x), x € By
exists. Furthermore, for arbitrary x € S n—1 we have

1 1
/ (IS¢)+(x)dx=/ ¢(IX)dxtS‘1dt:/ / ¢ u)dur~2dr.
sn—1 0 Jsn—1 0 Jisn-1
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Using ¢ (x) € ZP(B(1), Cp), we get

+ P Wy P %
[ Jaorolras= (] i)

Therefore, (I;¢)+ € £P(S"1, C,). It follows the result. O

Lemma 5

() If ¢ € €' (B, Cy), then (Es¢)(x), x ¢ S"~1, is well-defined.
(i) If p € €¥(By, Cy) is a solution to Z*¢ =0 and Z'¢ (1=0,1,...,k—1) has
boundary value in the sense of £, then for 1 <1 < j <k — 1, the boundary

value (E,.+1+[] - -En+1 [4)- 145]) (1) Of(En+l (451 -E"_Zrl+[%]_1¢j)(x)
exits on the boundary S" 1 Jfrom B, where ¢ = ijo x/ ¢; with 0 € By and
¢; are monogenic in By for j =0,1,2,...,k—1.

Proof (1) Since ¢ € €1 (By, C,), then for arbitrary x € By and s > 0,

n
Esp(x) =50 (x) + ij 0x;¢(x) is well-defined and continuous.
j=1

(ii) Since ¢ € €¥(B,, C,) is a solution to Z2*¢ = 0 and 0 € B, by applying
Lemma 1, we have

k—1
¢ = ij¢j, x € By,
j=1
where ¢; is monogenic on By for j =0,1,2,...,k—1.

As qu& (l=0,1,...,k— 1) has boundary values from B in the sense of .%,,
by making use of Lemma 2, we getfor 1 </ < j <k —1,

(7' (f)_zcljt] "(Eup ity Eugryy 870, 1€8"
j=I

where the coefficients C; ; are given by Lemma 2.

Therefore, for 1 <[ < j < k — 1, the boundary value (E,,+1 YSIES
2
E,,+. 11— lqS]) (t) of (E,,+1 VSIS E,,+| - 1¢S,)(x) exits on the boundary

N -1 from B in the sense of Zp. The proof of the result is completed. g

Half-Dirichlet problem (HDP) Given the boundary data f; € fP(S”_l, C)
(j=0,1,2,....k — 1), find a function ¢ € €*(B,, Cy) such that
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D*¢(x) =0, xe By,
a (1) = a(t) for), test,

G o Z)) =a)fi(0), tes1,

a)(ZF1¢) (1) = at) fr1 (1), te S,

D*p(x) =0, x € By,
Bn)) = B) for), tes,
(ii) B)( D) (1) = B(t) f1(2), res1,

BO(Z'9) 1) = B(®) fi-1(1), xS,
where a(w) = %(1 +iw) and B(w) = %(1 —iw).

Theorem 1 Under the stated conditions, problem HDP (i) is uniquely solvable and
its solution is given by

k—1
px) =) x/¢, 3)
j=0
with
(C2a fo) (x). if j =0,
¢j(x) = 11(1%0205f1)(x) ifj=1,
Cr (@H%] Pl C2a (), if2<j <k -1,
where (CZafj) (j=0,1,2,...,k — 1) are defined in a similar way as (C f) above
and
fox) = Y5 Crix Uugt iy - 1o C20 ) (),
ifj=0,
filx) = C, 2c2—;x(1n+1 C2u f)(x) —
— C1k-1C5 5%k (In+1 5l ...I%C2aﬁ_1)(x),
~ if j =1, k odd,
Fay=y Yi=lko

f1(0) = C1.2C; 5% (11 G20 o) (x) —
— C1,k_1Ck__ll’k_lxk_z(l%ﬂkfl ...I%ﬂczaﬁ_l)(x),

kol
ifj=1, keven
filx) — Zj —1+1 Ck—1,;C; bl (1 ngl izt %C2af])(X)

2
f2<j<k-1
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Proof Since Z¥¢(x) =0in B, , by Lemma 1 there exist unique functions ¢ j satis-

fying Z¢; =0(j =0,1,2,....k— l)and ¢ = Y \_{ x/¢p;.
Using Lemma 2 for / e N,/ < j, we have

k—1
! (i
@¢=;)@(x1¢ ZC[ W ity Eagr gy 189 ()
j
Then, problem HDP (i) is equivalent to the following case
P¢j(x)=0(j=0,1,2,....k—1), xeB,,
“(X)Zk'_lxj(ijOl(X)fo(X), xesn 1
a(x) Y521 € jxi™ (E,,+.+[, e a8 ()
=a@x)fikx), xeS",
() S .
(@) Y52 Cr ™ By ity Ewgr gy 900
=a(x)fi(x), xes" !,

Oé(X)Ck Lhk=1(Engt oo Enst oty k1) ()

2 2 2
=a(x) fi-1(x), xe8"

We now proceed inductively. First, we consider the system

Dr—1(x) =0, x € By,
() 1 @O)Ch—rh=1(Engr - Engr oy Ge—1)(x)
= o(x) fi—1 (x), xesl.

By Lemma 1 problem (%) has the unique solution

¢k_1(x)=C,;11’k711%+[k%1]_1...1%/ E(0 = x)d0y,20(®) fi1 (@)
N

=l Tagt ity - Lo C20 i) (), x € By, (5)

2

with fi_1 = fi_1(w) in S* 1.
Using Lemma 4 we get that

(In+l+[%] 1 %C20tfk 1)(x)

2

—11m1i+[%]_1-~1m/ E(w—x)do,C2ufi—1(w), xe€ B4,
sn—1

xX—>t 2 2

belongs to ,,%,(S”’1 , Cp+1). Therefore, ¢y € ,,iﬁp(S”’1 , C,,) thus, implying also
tdr—1 € gp(sn—l’ Cn)
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Then, we consider the second boundary value problem

Dr—2(x) = x € By,
(%%) a(x)Cr—2,k— z(E%-- Eng1 ypisay 1 k-2) ()
= a(x) fr—2(x), xes

where we identify fi_» = fio — Ckflyksz,:_ll’k_lx(I%C2afk,1) in s"1,
Hence, problem () has the unique solution

Gr—2(x) =C,_ 2k 2In+l+[k 211 I%/ lE(a)—x)dawZa(a))ﬂ,z(w)
SYI
= Ck_—2,k—2(1%+[¥]71 %CZafk 2)(x), xe€B4. (6)
By induction on 2 <[ < k — 1, the following boundary value problem
-9451(35) = X € B+’
a(x)C”(E% . Enpi L) 1) (x) =a(x)fi(x), xeS,

2
where we identify fl fi— Z/ l+1Ck 1]C X (I,m NYSIR %020(]‘]) in

$"=1 has the unique solution

$(x) =Cp ' T, L]_l...lm/ 1E(a)—x)daw2oz(w)ﬁ(w)
Nos

2
_C”(In+1 ot I%CZQE)()C), x € B,. (7)

The remaining two cases (I =0, 1) are treated as follows. For [ = 1, the boundary
value problem

P¢1(x) =0, x €By,
a@)CLIEs ) () =) i), xes" !,
where f} is identified, in $”~!, with
fi(t) = C12C; 51 (g1 C20 f2) (1) — -+
— Cra—1 Gy g2 Ut ity Laa G20 fi) (@), if k odd,

fi(t) = C12C; 51 (11 C2o f2) (1) — -+
= Cra1 Ol oy 2 g i T C2afi_1)(1),  ifkeven,

2

has the unique solution
b1 (x) = CHI% / E@-x) doy20(w) fi(®)
Sl‘l—

:C[ll(lrlziCZaﬂ)(x), x € B,. (8)

For [ =0, the boundary value problem
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{@¢1(X)=0, xeB,,
a(x)do(x) = a(x) fo(x), xe€S8",
where fo = fo— Z C x (I,.+1+[ i %CZaf ) in $”~!, has the unique
solution

$o(x) = fs  E@-x)do,20) fo@) = (Cufo)x). xeBi. (9

Associating the terms (5)-(9) we have that problem (g) has the unique solution
d(x) = Z —o X/ ;. Tt follows the result. O

Similarly, we have the following theorem for the second kind of problem. Since
its proof follows the same lines as the previous theorem, it will be omitted here.

Theorem 2 Under the stated conditions, problem HDP (ii) is uniquely solvable and
its solution is given by

k—1
Jj=0
where
(C28 fo) ), ifj =0,
¢j(x)= Cl_{(I"HCZ,Bfl)(X), ifj=1,
c,,(lnﬂ - ...I%CZ,BfN,)(x), if2<j<k—1,

the transforms (C2,3fj) (j=0,1,2,...,k— 1) are defined similarly to (C f) and

fo<x>—2§ VG gy gy - 1 C2BF) (),
ifj=0.
fi) = C1aCapx(1upn C26 ) (x) =
~ Cra—1Copx* P (lap o L C2B fi)) (),
if j=1, k odd,
f1(0) = C12C5 33 (11 G2 f2) (x) —
~ Cra—1 Gy g ¥ 2 (ap ey a1 G2 fro) (),

fix) =

if j=1, k even,
filx) — ZI [+1Ck l]C ix ( il JT] CZ,Bf])(x)
f2<j<k-1

Remark I Other kind of half Dirichlet problems can also be discussed in a similar
way as in HDP (i) and (ii). When k = 2/, [ € N, problems HDP (i) and (ii) reduce
to the following half Dirichlet problems for poly-harmonic functions, respectively,
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Alg(x) =0, xeBy,
a®)@(t) =alt) fo(t), resl
HDP (iii) a(t)(Z29) (1) =a(t) fi(1), tes 1

a®)(2%71¢) (1) = a(t) i1 (1), te ST,

Alp(x) =0, xeBy,
B@D@ (1) = B(1) fo(t), tesl
HDP (iv) BW( D)) =B@) f1(1), resl

BW(ZH71¢) (1) = B(t) fe—1(t), xS L.

Remark 2 For k = 1, problems HDP (i) and (ii) have been treated already in [10,
20]. This implies that problems HDP (iii) and (iv) on the unit ball can be solved by
means of Clifford analysis.

5 Dirichlet Problems for Poly-harmonic Functions

In this section we consider the Dirichlet problem for poly-harmonic functions on the
unit ball with boundary data given by .Z),-integral functions in Clifford analysis. We
use the Almansi decomposition theorem for poly-harmonic functions and Clifford-
integral operators in order to express its unique solution in two different ways.

The Poisson kernel (see e.g. [31]) on the unit ball of R” is defined as

1= |x?

X — ol

P(x,w) = x € By, wes" 1

For an arbitrary f € .,?p(S”_l , C,) we introduce its Poisson integral transform as

Pf)x) :/
s

We extend P f to the unit sphere by setting (Pf)(t) = limB@x_),eS,H PfHx).
Moreover, we have that limB+3x_,,€S,H ®Pf)(x) = f(), Pf is harmonic on B4

and Pf € Z,(B(1), Cp).

P 0)f(@)do,, x€By. (11)

Lemma 6 Let f € .ZP(S”_I,C,,). Then (I,Pf)(x), x € By is well-defined, its
boundary value (I,;Pf)*(t) = lim,_, o1 (IGPf)(x) exists for all t € S and
(LP)T € Zp(S" !, Cp).

Proof For arbitrary x € B4, and s > 0 we have that
1

(LPf)(x) = / Praoe— dr
0
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is continuous. Moreover, the following decomposition holds for 0 < ¢ < 1

1
(LPf)(x) = f Pl dr
0
1-¢ 1
=/ Pf(tx)t“‘dtJr/ Pf(tx)r* ' dr  exists.
0

1—¢

Hence for arbitrary ¢ € s we get (LPHT() = lim,_, o1 (I,Pf)(x), x € By
exists.
Furthermore, we have

1 1
/ (Ist)+(x)dx=/ / Pf(zx)dxtf—ldrzf / Pf(u)dut'2dr.
st 0 Jnt 0 Jisn-1
Associating Pf € =.2”,,(?(1), C,), we get

tol” _ W P\’
fSn_]!(Ist) €3] dx§s+n_2(/§(l)]Pf(u)] du) ,

Therefore, (I,Pf)* € XP(S"_l, C,). It follows the result. O

Lemma 7 If ¢ € €°*(B, C,) is a solution to A¥¢ =0 and A'¢ (1=0,1,...,

k — 1) has boundary values from B in the sense of £y, then for 1 <l < j <
. : N+ .

k — 1, the boundary value (E%H’T*l]"'E%H%]—ld)J) (t) of (E%H,sz]...

E%H%]_](pj)(x) exists on the boundary "' from B, where ¢ = ZI;;(I) |x|2j¢j

with 0 € By and ¢; are harmonic in By for j =0,1,2,...,k— 1.

Proof Since ¢ € €**(B,, C,) is a solution to A¥¢ =0 and 0 € B, then by
Lemma 1, we have

k—1
)= |x|¥¢;(x), xeBy,
j=0
where ¢; is harmonic on By for j =0,1,2,...,k— 1.

As Alqb (1=0,1,...,k — 1) has boundary values from B in the sense of .Z),,
by making use of Lemma 3, we getfor 1 </ <j <k-—1,

j—
2 2

k—1
Loyt 1412G=D) , Nt -1
(A9)T @)=Y Dy jlPI By iy B gy @) T @, 1€8"
j=l
where the coefficients Dy ; are given by Lemma 3.

Therefore, for 1 <[ < j <k — 1, the boundary value (E,,+1+[H]...
2 2

. N+ ) . ) ;
E"§'+[§]—1¢1) (t) of (En-;]_i_[j;l]...E;z;—l+[%]_l¢j)(x) exists on the boundary

§"=! from B, in the sense of ). The proof of the result is completed. g
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Dirichlet problem (DP) Given the boundary data f; € £, $"LCy (=
0,1,2,3,...,k— 1), find a function ¢ € %Zk(B+, C,) such that

Ak (x) =0, By,
d(1) = folo), resnl
(*) (Ap) (1) = f1(D), IES”_I,

(A1) (@) = fior (), teS™L

Theorem 3 The problem (x) is solvable and its solution is given via

k—1
o= IxI"¢;,
j=0
where for arbitrary x € By, ¢; is given by

Dty o (Tagt gy %Pﬁ)(x) ifl=k—1,
¢1(x) = <

Dy, (I%Hq % Pfi)( if0<l<k-2,
and, for arbitrary w € S", ﬁ is given by

Si—1(), #l_
Jiw)={ fite) = 3521, D,HJ ”(1,,+1 it - I ) (@),
ifo<l<k-2,

and Dy j=(—d'j(G—1)...(j =1+ D) for0O<l<j<k—1.

Proof Since Al¢(x) =0, x € By, by applying Almansi decomposition theorem
in [32], there exist unique harmonic functions ¢; (j =0, 1,2, ...,k — 1) satisfying

k—1
o= |xI"¢,.
j=0
Using Lemma 3, for/ < j <k — 1, we have
AP =Di 1PV Eup o Eup 8,

where Dy j = (—4)lj(j —1)...(j —1+1). Therefore, problem () is equivalent to
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Apj(x)=0, j=01,2 .. k-1, x € By,
Zl;;écbj(l):fo(t), tes1,
PRy Dy j(Eupry; 19 = f1(0), tes

YT DBy Eag 900 = fiD), 1€ 8",

Dy—tj=1(Engr .. Eng1 g $—1)() = fi—1(0), rest .

2

Let us consider the following boundary value problem

Adr-1(0) =0, xeBy,
B A Dects 1 Bzt - Bas st )0 = fir (@), 15",

By using the operator I; (s > 0), problem (X) has the unique solution

D1 () =Dty lagt g ap fs P fir(@)doy,
=Dl g1 Tngt g oo g PRo)). x € By, (12)

where fi_1(®) = fi—1(®), € S"L.
Applying Lemma 6, for arbitrary x € B4, we get that

(I%Jrkiz. %Pfk D)= lim (I%Jrkiz...]%l)ﬁ_])(x)

x—>tesn—1

belongs to ., (8”1, C,). Next, we consider the following boundary value problem

o) A¢r—i(x) =0, X € By,
B ) DA DB B 990 = fia@), 1€8™

Again, problem (XR) has the unique solution
B2 ) = Dy ol Tt [ P00 i) do,
sn-1
=D aUigt gy 5+ L Pl (), x € By, (13)

where fi2(0) = fi-1(@) = Di24-1D; 5 s (Inpt D) (@), 0 € S"1.
Now, by recursion, for 0 </ < k — 2, the boundary value problem

Ady— l(X) x e By,
Z D, ,(E,,Hﬂ By 190 = fitn), € sn=1

has the unique solution
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¢1(x) =Dy} s ...Im/ P(x, ) fi(w)do,
’ 2 2 sn—1

- Dljll([%ﬂfl "'IL?P.E)(X), xe By, (14)

where fi(@) = fi(@) = Y571 D Dy Tag o D ) (@), 0 € 8"
From this it follows the result. U

Applying Lemma 4 and references [10, 20, 22] directly, we obtain the following
theorem.

Theorem 4 Problem (x) is solvable and its solution can be also expressed by

k—1
5
p=> I|x[*¢;.
Jj=0
where for arbitrary x € B4,

Dty o Tap gy Tap (@C20 fy + BC2B DI (0). if 1=k —1,

di(x) = ~ ~
D} (Lugt gy - Tng1 @C2a fi + BC2B D) (), ifo<l<k-—2,
C2uf;,C28fi (0 <1<k —1) are defined similarly to Cf and, for arbitrary
weE Sn—l,

fier(@), ifl=k—1,
fiw) =1 fi@) = X511 Dt Dy Ung - Lep 9 (@),
ifo<l<k-—2,

and Dy j=(=H'j(G—1) ... =1+ for0O<l<j<k—1.

Remark 3 Theorem 3 means that the solution to the Dirichlet problem on the unit
ball for iterated Dirac operator of even order is given in view of the Dirichlet prob-
lem for harmonic functions, which is a different representation than that of The-
orems 1 and 2. Theorem 4 implies that the Dirichlet problem on the unit ball for
iterated Dirac operator of even order could be given also solemnly by using the
Cauchy transform in Clifford analysis.
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Fueter Regularity and Slice Regularity:
Meeting Points for Two Function Theories

Alessandro Perotti

Abstract We present some meeting points between two function theories, the
Fueter theory of regular functions and the recent theory of quaternionic slice regular
functions, which includes polynomials and power series with quaternionic coeffi-
cients. We show that every slice regular function coincides up to the first order with
a unique regular function on the three-dimensional subset of reduced quaternions.
We also characterize the regular functions so obtained. These relations have a higher
dimensional counterpart between the theory of monogenic functions on Clifford al-
gebras and the one of slice regular functions of a Clifford variable. We define a first
order differential operator which extends the Dirac and Weyl operators to functions
that can depend on all the coordinates of the algebra. The operator behaves well both
w.r.t. monogenic functions and w.r.t. the powers of the (complete) Clifford variable.
This last property relates the operator with the recent theory of slice monogenic and
slice regular functions of a Clifford variable.

1 Introduction

The aim of this work is to illustrate some unexpected links between two function
theories, one of which is well developed and dates back to the 1930’s, while the
other has been introduced recently but has seen rapid growth. The first is the Fueter
theory of regular functions defined by means of the Cauchy-Riemann-Fueter dif-
ferential operator, while the second is the theory of quaternionic slice regular func-
tions, which comprises polynomials and power series with quaternionic coefficients
on one side. These links have a higher dimensional counterpart between the the-
ory of monogenic functions on Clifford algebras, defined in terms of the Dirac and
Cauchy-Riemann operators, and the one of slice regular functions of a Clifford vari-
able.
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In order to obtain the promised relations between the two quaternionic function

theories, we use a modified Cauchy-Riemann-Fueter operator D, defined as:

@:l<i+ii _’_]i _ki),
2 8x0 8X1 8x2 BX3

where xg, x1, X2, x3 are the real coordinates of an element ¢ = xo + ix] + jx» +
kx3 of the quaternionic space H w.r.t. the basic elements i, j, k. We refer e.g. to
[16, 21, 31] for some properties of this and other related differential operators on H.
The choice of D is justified by the fact that it behaves better than the standard
Cauchy-Riemann-Fueter operator w.r.t. the powers of the quaternionic variable g.
Moreover, the theory of functions defined by D has interesting relations with classes
of holomorphic maps of two complex variables (see Sect. 2.1.1 for more details).

In general, the product of two Fueter regular functions is not Fueter regular. The
same holds for functions in the kernel of D. In particular, even if the identity func-
tion is regular, i.e. D(g) = 0, the higher powers of ¢ are not regular. Nevertheless,
we are able to prove that for every positive power m, D(¢™) vanishes on the three-
dimensional subset Hiz = (1, i, j) of reduced quaternions. This property extends to
polynomials and convergent power series of the form ) . ¢™a,, and more generally
to slice regular functions.

The concept of slice regularity for functions of one quaternionic, octonionic or
Clifford variable has been introduced recently by Gentili and Struppa in [7, 8] and
by Colombo, Sabadini and Struppa in [4] and further extended to real alternative
*-algebras in [9, 10].

An application of the Cauchy-Kowalevski Theorem to the operator D assures
that the restriction of any slice regular function to Hj3 has a unique regular (i.e. in
the kernel of D) extension to an open set. This extension gives an embedding of the
space of slice regular functions into the space of regular functions.

The characterization of the image of this embedding is given by means of holo-
morphicity of the differentials w.r.t. the complex structures defined by left multipli-
cation by imaginary reduced quaternions. It is based on a criterion for holomorphic-
ity in the class of regular functions, which was proved in [22, 23] using the concept
of the energy quadric of a function. The energy quadric is a positive semi-definite
quadric, constructed by means of the Lichnerowicz homotopy invariants.

The second part of the paper is dedicated to the higher dimensional situation. We
study some basic properties of a first order differential operator on the real Clifford
algebra R, of signature (0, n) which generalizes the Weyl operator used in the the-
ory of monogenic functions (for which we refer to [1, 3, 12]). While monogenic
functions are usually defined on open subsets of the paravector space, the operator
we consider acts on functions that can depend on all the coordinates of the alge-
bra. This is similar to what happens in the quaternionic space H ~ R;, where the
Cauchy-Riemann-Fueter operator acts on the whole space, not only on the reduced
quaternions Hj3. Our starting point is the modified Cauchy-Riemann-Fueter oper-
ator D. When written in the notation of the Clifford algebra Ry, D becomes the

operator
D 1/ 0 n 0 + a 0
=—|—+ei—+er— —enp—).
2 0xo 18x1 28x2 ]28x12
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If D, = %(% + 1 %) and Dy, = %(d% + e1 %) are the one-variable Cauchy-
Riemann operators w.r.t. the complex variables z; = xo+e1x1, 22 = X2 +e1x12, then
Dy =D 4 e2Dy 2. This observation suggests a recursive definition of a differential
operator D, on R,,. Even if this definition of D, is not symmetric w.r.t. the basis
vectors, the operator we obtain is symmetric, and has the following explicit form:

1 , 0
EHZEZK:eKaxK

where e} = (—1) @e k 1s obtained by applying to a basis element ex the rever-
sion anti-involution.

When restricted to functions of a paravector variable, D, is equal (up to a factor
1/2) to the Weyl (cf. e.g. [3, Sect. 4.2]), or Cauchy-Riemann (as in [12, Sect. 5.3])
operator of R,,. Therefore every R,,-valued monogenic function defined on an open
domain of the paravector subspace R"*! of R, is in the kernel of D,,. Moreover, the
identity function x of R,, is in the kernel of D,,, while its restriction to the paravector
variable is not monogenic. The operator D,, behaves well also w.r.t. powers of the
(complete) Clifford variable x. We show that every power x™ is in the kernel of D,,
when 7 is odd. For even n, the same property holds on the so-called quadratic cone
of the algebra (cf. [9, 10]). These properties link the operators D,, to the recent
theory of slice monogenic [4] and slice regular functions on R, [9, 10].

Operators similar to D,, have already been considered in the literature (e.g. in
[14, 28, 29]). However, it seems that the operators D,, are particularly well adapted
to the theory of polynomials ), x™a,, or more generally of slice regular functions
on a Clifford algebra.

On the negative side, the operator D, is not elliptic for n > 2 and its kernel is
very large if we do not restrict the domains where functions are defined. In the last
section, we focus on the case n = 3 and show a more strict relation of D3 with the
Weyl operator. This suggests to consider a proper subspace of the kernel of Ds,
where the condition of Cliffordian holomorphicity [17] has a role. We get in this
way the real analyticity in R3 and an integral representation formula on domains of
polydisc type.

Some of the results of the present work have been presented in [26].

2 Fueter Regularity and Slice Regularity

We begin recalling some results of the Fueter theory of regular functions. We then
introduce some definitions of the recent theory of quaternionic slice regular func-
tions. Our approach uses a modification of the Fueter construction based on stem
functions. We then present some meeting points between the two function theories.
We show that every slice regular function coincides, up to the first order, with a
unique regular function on the three-dimensional subset Hlz = (1, i, j) of reduced
quaternions.
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2.1 Fueter Regular Functions

We identify the space C? with the set H of quaternions by means of the mapping that
associates the pair (21, z2) = (xo+ix1, x2 +ix3) with the quaterniong =z +22j =
xo +ix1 4+ jxo + kx3 € H. Given a bounded domain £2 in H =~ C2?,a quaternionic
function f = fi 4+ f»j of class C! on £2 will be called (left) regular on £2 if it is in
the kernel of the (modified) Cauchy-Riemann-Fueter operator

D 9 + 7 g : 9 +1i 9 +j 9 k 2 (D
=—+4+j—=-|—+i—+j——-k— ) ong.
0z oz T 2\oxe " loxy T oxa oxs

We will denote by R(£2) the real vector space of regular functions on £2. The space
R(£2) contains the identity mapping and every holomorphic mapping ( f1, f2) on £2
(w.r.t. the standard complex structure) defines a regular function f = f1 + f>j.
Given the decomposition in real components f = fO +if! + jf2 4+ kf3 of f,
the operator D has the form:
afO afl f2 8f3 af] afO 3f3 8f2
2D(fy)=—-"7"—-"—"+—+il—F+ —+ —+ —
D= 9% "om n Tom T \ax T T om | an
arr ard  af  aft ard arr art ot
+j L_L_FL_L +k _L_L+L+L .
dxg  0x] 0xy  0x3 dxg  0x1 0xy  0x3
We recall some properties of regular functions, for which we refer to the papers
of Naser [19], Nono [20], Sudbery [33], Shapiro and Vasilevski [31], Kravchenko
and Shapiro [16]:

(i) Every regular function is harmonic: DD = DD = iA4, where

— 1/ 0 ol ol d
D=-\——-i——j—+k—). 2)
2\ 9xp X1 0x2 0x3
(ii) The space R(£2) of regular functions on 2 is a right H-module with integral
representation formulas.
(iif) Given the decomposition in complex components f = fi + f2j, f is regular if
and only if "f‘ = 22, gg = ‘;f2
(iv) The complex components f1, f> are both holomorphic or both non-holomor-
phic.
(v) If £2 is pseudoconvex, every complex harmonic function is a complex compo-

nent of a regular function on £2.

The definition of regularity is equivalent to a notion introduced by Joyce [15] in
the setting of hypercomplex manifolds. A hypercomplex structure on the manifold
H is given by the complex structures Ji, J2 on the tangent bundle 7H ~ H defined
by left multiplication by i and j. Let J;, JJ be the dual structures on 7*H ~ H and
set Jg = J J2 , which is equivalent to J3 = —J;J>. A function f is regular if and
only if f is g-holomorphic, i.e. its differential d f satisfies the equation

df +iJ{(df)+jI5Wdf) +kJ5df)=0 3)
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or, equivalently,

df®=Ji(df) + I3 (df?) + I3 (d ). )
In complex components f = f1 + f»j, we can rewrite the equations of regularity as
afi= J;(872> 5

where § = Y"7_, 32 9 dz; and 9 =Y"7, 3_ dz; are the Cauchy-Riemann differential

operators on C? w.r.t. the standard complex structure.

Remark 1 The original definition of regularity given by Fueter (cf. e.g. [12, 33])
considered the differential operator

d 0
—+i—+j—t+k—, 6
3x0+18x1+J8x2+ 0x3 ©)
which differs from D in the sign of the last derivative. If y denotes the real reflection
of C? ~ R* defined by y (z1, z2) = (21, 22), then a C! function f is regular on the
domain £2 if and only if f o y is Fueter—regular on y (£2) = y ~'(£2), i.e. it satisfies
the differential equation
0 0 a
— i — — k— = 7
<8x0+ 8x1+ ax7 + )(foy) ™
on y~1(£2). The reflection y has an algebraic interpretation. It can be seen as the
reversion anti-involution g — ¢* of the Clifford algebra R, ~ H, defined by

= (xo +ix1 + jx2 +kx3)* = xo +ix; + jxo — kx3. ®)

2.1.1 Holomorphic Functions w.r.t. a Complex Structure J,

Let J, = p1J1 + p2J2 + p3J3 be the orthogonal complex structure on H defined
by a quaternion p = p1i + p2j + psk in the sphere S={p e H | p*> = —1} ~ §?
of quaternionic imaginary units. In particular, J; is the standard complex structure
of C? ~H. Let C p = (1, p) be the complex plane spanned by 1 and p and let L,
be the complex structure defined on 7*C,, >~ C,, by left multiplication by p. Then
L, = Jp+, where p* = p1i + p2j — p3k.

Let Hol, (£2, H) be the space of holomorphic maps between the (almost) com-
plex manifolds (£2, J,) and (H, L):

Holp(.Q,H)={f:.Q—>H|5pf=00n.Q}=Ker5p, )

where 3 p is the Cauchy-Riemann operator
- 1
a,,:i(derJ;;od). (10)

These functions will be called J,-holomorphic maps on §2. For any positive or-
thonormal basis {1, p,q, pq} of H defined by a orthogonal pair p,q € S?, let
f = f1 + f2q be the decomposition of f with respect to the orthogonal sum

H=C,® (Cp)g. (11)
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Let fi = fO+ pfl, fo= f2+ pf3, with £9, £1, f2, f3 the real components of f
w.r.t. the basis {1, p, g, pq}. Then the equations of regularity can be rewritten in
complex form as

0, f1=1070pf2), (12)

where f, = f2 — pf3 and 9, = 5(d — pJ}; o d). Therefore every f € Hol,(£2, H)
is a regular function on £2.

Remark 2 We refer to [22, 25] for the following properties of J,-holomorphic
maps.

(i) The identity map belongs to the spaces Hol; (H, H) and Hol; (H, H) but not to
Holy (H, H).
(ii) For every p € S?, the spaces Hol _ p(£2,H) and Hol, (£2, H) coincide.
(iii) Every C,-valued regular function is a J,-holomorphic function.
(iv) If f € Hol,(£2, H) N Hol, (£2, H), with p # £q, then f € Hol, (£, H) for
every r = % (a, B € R) in the circle of S? generated by p and ¢.

In [23] was proved that on every domain 2 there exist regular functions that are
not Jp,-holomorphic for any p. For example, the linear function f =z; +2z2 +2z1 +
(z1 + 22+ z2)j is regular on H, but not holomorphic. The criterion for holomorphic-
ity is based on an energy—minimizing property of holomorphic maps (see Sect. 2.4.4
for definitions and properties of the energy quadric of a quaternionic function f).

We can obtain regular functions also when considering non-constant (almost)
complex structures. If p = p(z) € S varies smoothly with z € §2, the almost com-
plex structures Jj(;) and L ;) are not constant, i.e. not compatible with the hy-
perkihler structure of H. Note that in this case the structures are not necessarily
integrable. Let f € C!(£2). We shall say that p is f-equivariant if f(z) = f(z)
implies p(z) = p(2)) for z, 7’ € £2. This property allows to define p : f(£2) — S?
such that p o f = p on £2. In [22] was proved that J,(;)-holomorphic maps
f:(82,Jpy) = (H, Lps(z)) give rise to regular functions:

Proposition 1 ([22, Proposition 1]) If f € C'(2) satisfies the equation

— 1
dp [ =3[df @)+ p@ I} 0df @] =0 (13)

at every 7 € §2, then f is a regular function on S2. If, moreover, the structure p is
f-equivariant and p admits a continuous extension to an open set U D f(§2), then
[ is a (pseudo)holomorphic map from (2, J,) to (U, Lj).

For example, the function f(z) =2z1 + z% + zoj is regular on H. On the set
§£2 =\ {z2 =0} f is holomorphic w.r.t. the almost complex structure J,,), where

(Iz2% — (Im22) j — (Re 22)k). (14)

1
PR = —m—
Viz2l? + 1zt
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2.2 Fueter Construction

In 1934, Rudolf Fueter [6] proposed a simple method, which is now known as
Fueter’s Theorem, to generate quaternionic regular functions by means of complex
holomorphic functions. Given a holomorphic “stem function”

F(2)=u(a,B) +iv(e, B) (z=a+iB complex, u, v real-valued)

defined in the upper complex half-plane, real-valued when restricted to the real line,
the formula:
Im(q)

[Im(q)|
(with ¢ = xo + x1i + x2j + x3k € H, Im(g) = x1i + x2j + x3k) defines a radi-
ally holomorphic function on H, whose Laplacian Af is Fueter regular (now called
the Fueter transform of F). Fueter’s construction was later extended to higher di-
mensions by Sce [30], Qian [27] and Sommen [32] in the setting of octonionic and
Clifford analysis. Fueter’s Theorem and its generalizations provides a link between
slice regular functions and Fueter regular (resp. monogenic) functions. In the next
sections, we will present a relation of a different kind between these function theo-
ries.

f(q) == u(xo,

Im(q)|) + v(xo, |Im(q)|) 15)

2.3 Quaternionic Slice Regular Functions

A modification of the Fueter construction can be applied to give a new approach
(cf. [9, 10]) to the concept of “slice regularity” for functions of one quaternionic,
octonionic or Clifford variable, which has been recently introduced by Gentili and
Struppa in [7, 8] and by Colombo, Sabadini and Struppa in [4]. We start with a
holomorphic function F(z) with quaternionic-valued components u, v:

F(2)=u(a,B)+iv(a,B) (z=a + i complex, u, v H-valued)

defined on a subset of the upper complex half-plane, real-valued on R. Formula (15)
defines then a slice regular (or Cullen regular) [7, 8] function on an open subset of
the quaternionic space. We now make more precise this idea.

Let ¢ = x¢ — ix; — jx2 — kx4 denote the quaternionic conjugation. Let H¢ =
H ®pr C be the complexified quaternion algebra. We will use the representation

He={w=x+iy|x,yeH} (16)
Hc is a complex algebra with unity w.r.t. the product defined as follows:
(x+ip)(x +iy) =xx" — yy +i(xy" + yx'). (17)
In H¢ two commuting operations are defined: the anti-involution
w w'=(x+iy)  =x°+iy° (18)

and the complex conjugation

W wW=x4+iy=x —1iy. 19)
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Definition 1 Let D C C be an open subset. If a function F' : D — Hg is complex
intrinsic, i.e. it satisfies the condition F'(z) = F(z) for every z € D such thatz € D,
then F is called a stem function on D.

Remark 3

(1) Inthe preceding definition, there is no restriction to assume that D is symmetric
w.r.t. the real axis, i.e. D =conj(D) :={z € C|z € D}.

(i1) A function F is a stem function if and only if the H-valued components Fi, F»
of F = F1 +1iF;, form an even-odd pair w.r.t. the imaginary part of z:

F1(2) = Fi(2), F(Z) = —F»(z) foreveryz e D. (20)

(iii) By means of a real basis B of H, F can be identified with a complex intrinsic
curve F® in C*.

Given an open subset D of C, let £2p be the open subset of H obtained by the
action on D of the square roots of —1:

2p={g=a+ppeC,la,peR, a+ifeD, peS}. 21

Sets of this type will be called circular sets in H.

Definition 2 Any stem function F : D — Hc induces a left slice function f =
IF):2p—->H.Ifg=a+ppeD,:=2pNC,, with p €S, we set

f@)=F@+phz G=a+ifeD).

Note that if ¢ = xo + ix; + jxo + kx3 = xo + Im(g) and Im(g) # 0, then
p = £Im(g)/|Im(g)|. If Im(g) = 0, then every choice of p € S can be done. The
complex intrinsicity of the stem function F assures that the definition of f is well
posed.

There is an analogous definition for right slice functions when p is placed on the
right of F>(z). In what follows, the term slice functions will always mean left slice
functions.

We will denote the real vector space of (left) slice functions on £2p by 8(£2p).
We will denote by 81 (2p) :={f =I(F) € 8(2p) | F € C'(D)} the real vector
space of slice functions with stem function of class C'. Tt can be shown (cf. [10])
that every f € 8'(£2p) is of class C! on £2p.

Definition 3 Let f = J(F) € 8'(£2p). We set

af o oF af - 8F>
ag "\ az)’ age "\ az )

These functions are continuous slice functions on £2p.

We now introduce slice regularity. Left multiplication by i defines a complex
structure on Hc. With respect to this structure, a C ! function F = F; + iF» :
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D — Hc is holomorphic if and only if its components F, F> satisfy the Cauchy-
Riemann equations:

oF,  0F aF

_ 0F,
da 9B

B o’

OF

e —=0. 22
i.e PE 22)

3

Definition 4 A (left) slice function f € 8'(§2p) is (left) slice regular if its stem
function F is holomorphic. We will denote the real vector space of slice reg-
ular functions on £2p by SR(2p) := {f € 8'(2p) | f =I(F), F: D — Hc
holomorphic}.

Polynomials p(q) = Zizo q"ay =7 (2211:0 7" a,,) with right quaternionic co-
efficients can be considered as slice regular functions on H. More generally, every
convergent power series Y ., g™ a, is a slice regular function on an open ball of H
centered in the origin with (possibly infinite) positive radius.

Proposition 2 ([10, Proposition 8]) Let f =J(F) € SY(2p). Then f is slice reg-
ular on $2p if and only if for every p €S the restriction f, = fic,nep : Dp =
C, N 2p — M is holomorphic with respect to the complex structure J, defined by
left multiplication by p.

Proposition 2 means that if D intersects the real axis, f is slice regular on £2p
if and only if it is Cullen regular in the sense introduced by Gentili and Struppa in
[7, 8.

2.4 A 3D-Meeting Point for Two Function Theories

We start by computing the values of D(g”). The crucial observation is that these
values vanishes on the subspace of reduced quaternions. This property allows to
extend the restriction to Hlz of a slice regular function to a regular function.

2.4.1 Computation of D(g™)

In general, the product of two Fueter regular functions is not Fueter regular. The
same holds for functions in the kernel of the modified Cauchy-Riemann-Fueter op-
erator D. In particular, even if the identity function is regular, i.e. D(g) = 0, the
higher powers of ¢ are not regular. Nevertheless, we can show that D(¢™) vanishes
on a three-dimensional subset of H for every positive power m.

Proposition 3 Let D be the Cauchy-Riemann-Fueter operator of Sect. 2.1. Given
two functions f, g of class C', the operator D satisfies the following product for-
mula:

1 a d a 0
D(fe)=D(f)g+ Q(fa—g Fif i —kf—g). 23)
X0 x| 0x2 0x3
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As a consequence, we get the following power formula for the (modified) Cauchy-
Riemann-Fueter operator:

D(qm) ZD(qm—l)q +qrn—l _ (qm—l)* (24)

where q* = xo +ix| + jxp — kx3 is obtained applying the reversion anti-involution
to q (cf. Remark 1).

Proof The product formula (23) follows immediately from the definition of D.
When applied to g™ = g™~ !q it gives:

1
D(g™) =D(¢" g + E(q’”“ +ig" i+ jg" " — kg™ k). (25)
For every quaternion p = xo + ix] + jxz + kx3, the sum p +ipi + jpj — kpk is
equal to 4kx3 = 2(p — p*), from which (24) follows. O

Let Hiz = (1,1, j) be the real vector subspace of reduced quaternions. It is well
known (cf. e.g. [13]) that the powers of a reduced quaternion are still reduced quater-
nions. This follows easily from the fact that reduced quaternions are characterized
by the condition g = g*. Therefore, if p, g € H3, (pq)* = q* p* = gp, and then pq
is still reduced if and only if p and ¢ commute, i.e. g € C,.

Corollary 1 Let m be a positive integer. Then D(qg™) vanishes on Hs.

Proof Since the power function g > ¢” maps Hj into Hs, ¢! — (¢~ !)* van-
ishes on H for every m > 1. We conclude by induction on m starting from D(g) =0
and using (24). O

Corollary 2 For every convergent power series f(q) =), q™am with quater-
nionic coefficients, D(f) vanishes on the intersection of the ball of convergence
with the real vector space Hz ~ R of reduced quaternions. 0

Corollary 3 Assume that §2p is connected and 2p NR # (. Let f € SR(2p).
Then D(f) vanishes at every point of 2p := 2p N H;.

Proof Every slice regular function f € SR(§2p) has convergent power series ex-
pansions ), (¢ —r)™ay, centered at real points r of £2p [7, 8]. Since every power
(g —r)™ is a polynomial in ¢, the thesis follows from Corollary 1. U

We observe that the previous results are not true for the standard (not modified)
Cauchy-Riemann-Fueter operator.
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2.4.2 Regular Extension of Slice-Regular Functions

Let f € S8R(£2p). Then f is real analytic on £2p (cf. [10, Proposition 7]). We can
apply the Cauchy-Kowalevski Theorem (see for example [5]) to the initial values
problem

{ﬂ(g) =-D(f) ongp 26)

g=0 0n§D=QDﬂH3
and obtain a real analytic solution in the neighborhood of every point of the intersec-
tion of £2p with the hyperplane Hj3. By taking the union of all these neighborhoods,
we get the existence of a solution of problem (26) on a open set £2’ C H such that
Q'NH; = 2 D.
Since D(f)=0and g =0 on 2p, also the normal derivative

g dg  .0dg  .0g
— =2kD k|l — — —
3)(3 (g) + (8)60 + 8x1 + J 3)(2

=—2k®(f)+k<a—g+ia—g+ja—g) 27)
0x0 0x1 0x)

vanishes on £2p. Therefore g=0,dg=0o0n 2p. This implies that the slice regular
function f € 8R(§2p) and the regular function f + g € R(£2") C Ker(D) coincide
up to the first order on the three-dimensional set 2p. We summarize the result in
the following statement.

Proposition 4 Assume that 2p is connected and 2p "R # (. Let f € SR(2p).
Then there exists an open (relative to H) neighborhood 2" of 2p NH3 and a reg-
ular function f € R($2') such that f = [ on 2' NHz = 2p NH3 up to the first
order. O

For polynomials f(g) =), ¢ an, the solution to problem (26) can be obtained
explicitly in a finite number of steps by means of one-variable integrations w.r.t. the
normal coordinate x3. Consider the approximate problems:

g+ h
= 2D f+> 8] onH

X
3 =1

gt =0 on Hj3

(28)

for h =1,...,deg(f), starting with the function g = 0. We are looking for poly-
nomial solutions g with deg(g™) < h.

At the first step, since x3 divides the polynomial D(f) (from Corollary 1), x32
divides the first solution g® of (28). Therefore x32 divides also D(f + g@), since

9@ 9g®  3g®@
] i 29
8)(0 + 3)61 + J 8x2 ( )

9g®
2D(f +5@) = k——+ 2D(g?) =
X3

and ¢® =0 on Hj. By induction on %, we get by the same reasoning that the
power x! divides g/ and D(f + Y/, @) for every h = 1,...,deg(f). At the
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last step, we get that xgeg(f ) divides D(f + Z?igl(f ) g¢®), but then it has to be

D(f + Z?igl(f ) g¥) = 0 for degree reasons. Observe that x32 divides every partial
solution g.

The polynomial fi=f+ Z?igl(f ) g® is regular on the whole space, has the
same degree as f, and coincides with f up to first order on Hj.

As an illustration of this procedure, we compute the extension f for the first three
powers of g:

() f(g)=gq isregular,so f = f.
ii =g4° on = a2 2
(ii) f(g) =g has regular extension f = g + 2x3.
(i) f(q) = g* has regular extension f = g> + x3(6x0 + 2x1i + 2x2j + 3x3k).

2.4.3 The Embedding SR — R

Definition 5 Assume that £2p is connected and 2p NR # @. Given f € SR(2p),
denote by Reg(f) the unique regular function defined on a maximal domain and
satisfying
f =Reg(f), df =dReg(f) atevery point of £2p N Hj.
Uniqueness follows from the identity principle for regular functions. Let
R(2p) = {g € R(£2") | 2’ open and connected in H s.t. 2’ NHz = 2p NHs}.

In the space IFJVQ(.Q p) we identify two functions if they coincide on the intersection of
the domains of definition. The mapping f > Reg(f) is an injective (right) H-linear
operator, giving an embedding SR(£2p) — R(£2p).

2.4.4 Characterization of Reg(SR(£2p)) in 51(520)

Assume 2p NR #@. Let f € SR($2p) be slice regular and x € Hz \ R, let p :=
Im(x)/|Im(x)| € S. From Proposition 2 we get that the restriction
fpi= ﬁ({jpng :Co,N2p—H
is holomorphic with respect to the complex structure J;, defined by left multiplica-
tion by p. Moreover, at every x € £2p = £2p N Hjs, because of Proposition 4 the
differential map
dfr = dReg(f)x

is a regular linear function on H. These two properties can be strengthened in the
sense explained by the next statement.

Theorem 1 If f € SR(2p) and x € 2p \R = (£2p NH3) \ R, then the differential
map d fy belongs to the space HOL]p (H, H) C R(H), where p :=Im(x)/|Im(x)|, i.e.
the linear map

dfx : (Hv Jp) - (Hs Jp)

is holomorphic.
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The proof of Theorem 1 is based on a criterion for holomorphicity in the space
R(£2p), which was proved in [22, 23] using the concept of the energy quadric of
a function. The energy quadric of a regular function f is a positive semi-definite
quadric, constructed by means of the Lichnerowicz homotopy invariants.

We recall some definitions and results from [22, 23]. The energy density of a map
f 82 — H, of class C! (£2), w.r.t. the Euclidean metric, is the function

1 1 -
ECf) =S IdfIP =3 wr(Jac(f)Tac(f)' ),

where Jac(f) is the Jacobian matrix of f. Assume §2 relatively compact. The en-
ergy of f € C!(£2) on £ is the integral defined by

eath) = [ eav.
Let A = (aqp) be the 3 x 3 matrix with entries the real functions

dap = —(Jar f*Lig), where (i1,i2,i3) = (i, j, k).

(These numtﬁrs are the analogues of the Lichnerowicz invariants (cf. [18] and [2].)
For f € C'(R2), we set

A_QI:/AdV and Mg := ((tI‘AQ)Ig—A_Q),
2

1
2

where I3 denotes the identity matrix.

Theorem 2 ([23]) If f € C' () is regular on $2, then it minimizes energy in its
homotopy class (relative to 952).

Theorem 3 ([23]) Let f € C'(2). The following facts hold:

(1) fisregularon 2 ifand only if E@(f) =trMg,.
(i) If f € R(2), then Mg, is symmetric and positive semidefinite.
(iii) If f € R(£2), then f belongs to some space Hol,(§2, H) (for a constant struc-
ture Jp) if and only if det M = 0. More precisely, X , = (p1, p2, p3) is a unit
vector in the kernel of Mg if and only if f € Hol,(£2, ).

The criterion of holomorphicity holds also pointwise: let £2 be connected and
f € C1(£2). Consider the matrix of real functions on £2:

M= %((trA)Ig — A).

Theorem 4 ([22]) Let f € C (). The following facts hold:

(1) f is regular on 2 if and only if E(f) =tr M at every point 7 € §2.
(i) If f € R(82), then M is a 3 x 3 symmetric and positive semidefinite matrix.
(i) If f € R(82), then det M = 0 on 2 if and only if there exists an open, dense
subset 2" C §2 such that f is a (pseudo)holomorphic map from (2', Jp(z)) to

(H, L p((z))) for some p(z).
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Now we come to the proof of Theorem 1. To this end, we compute the energy
quadric of f at x € £2p N Hs. Since f coincides with Reg(f) up to first order on
£2p NHj3, from Theorem 4 we get that E(f) = tr M(f) on £2p NH3 and that M (f)
is positive semidefinite at every point x € £2p N Hj3. Let us denote by 71 (f) = fi
and m(f) = f> the complex components of f. From [22] we get the following
expression of the energy quadric M (f) at x € £2p N Hj3 in terms of f1 and f> and
their complex derivatives:

2|c|? Im(c,a —b) Relc,a+b)
M(f)=|Im(c,a—b) fla—b*> —Im{a,b) |, (30)
Re(c,a+b) —Im{a,b)  ta+b

() _(Hh0) (2 3
~\dz 8 )’ S\’ A ) ~\oz’ an

are all computed at x € 2p N Hz. We now show that the vector (x1, x2,0) be-
longs to the null space of the matrix M (g™). If (x1,x2,0) # (0,0, 0), it is pos-
sible to find a similarity of the space (i, j, k) ~ R3, with rotational component
induced by a reduced quaternion a € H3, which sends (x1,x2,0) in (1,0, 0).
The transformation property of the energy quadric w.r.t. rotations (see [24, Theo-
rem 4]) implies that (xq, x», 0) € Ker(M(¢™)) at x = xg + ix| + jx3 if and only if
(1,0,0) € Ker(M(g™)) at xg +i.

In view of (30), in order to show that the vector (1, 0, 0) belongs to the null space

of M(q™) at xo + i it suffices to prove that ¢ = (%, —M(J)Tgfm)) vanishes at

xo + i. This is a consequence of the following lemma.

where

Lemma 1 For every positive integer m, 75 divides on the left the partial derivative

38‘21 ,le. %qz = 7208 for a quaternionic function g.

Proof For m > 1 the following product formula can be easily obtained:
aqm aqm—l 1 . i aqm—l
== + = +ig" i) = —=
071 071 ) (4 1 ) 071

Using (31) and the equation
m2(q™) = w2 ((m1 (g™ 1) + m2(¢™ 1) j) (21 + 22)))
=zmi(¢" ") + (g™ 1)z, (32)

we get the thesis by induction on m. O

q+m(g™ ")) 31

Let x € H3 \ R be fixed. From Theorem 3 we get that (dg"), € Hol, (H, H),
where p :=Im(x)/|Im(x)|. Since f € SR(£2p) has a series expansion, we get that
also d fy belongs to Hol, (H, H) for every x € (£2p NHs3) \ R. To finish the proof
of Theorem 1, we observe that J, = L, since x € H3. Therefore the linear map
dfy : (H, Jp) — (H, Jp) is holomorphic. O
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From the holomorphicity of the differentials d f, at a reduced quaternion x, we
get immediately the following properties for the real Jacobian matrix of f.

Corollary 4 If f € SR(2p) and x € 2p \ R = (2p NH3) \ R, then

(i) det(Jac(f)) =0 at x.
(ii) rank(Jac(f)) is even at x.

The characterization of Reg(SR(£2p)) in 5%(!2 p) is completed by the following
converse statement.

Proposition 5 Assume 2p connected and 2p "R £ @. Let f € R(2p). If dfy €
Hol, (H, H) for every x € (2p NH3) \R, with p :=Im(x)/[Im(x)| then there exists
a (unique) slice regular function g on 2p, such that g and f are equal up to the
first order on $2p N H;.

Proof Forevery p € SNHj3 and any x € (£2p N C)p) \ R, the restriction f), = fic,, :
Cp, — H is holomorphic w.r.t. the structure J,, since C, is a complex subspace
of H w.r.t. J, and the differential d f, € Hol, (H, H) by hypothesis. As proven in
[10, Corollary 9], this implies that the restriction of f to £2p NHj3 is a slice mono-
genic function (cf. [4]) when H is identified with the Clifford algebra R, and Hj is
identified with the subspace of paravectors in R;. As seen in [10], every slice mono-
genic function on £2p N Hj can be uniquely extended to a slice regular function on
2p. Since D(g — f) =0o0n 2p NHs, g = f up to the first order on 2p NH;3. O

3 The Full Dirac Operators

We now look at the higher dimensional situation. Our starting point is the modified
Cauchy-Riemann-Fueter operator D. If we consider the quaternionic space as the
real Clifford algebra R,, we can give a new look at D in terms of the algebraic
involutions of the algebra. This reinterpretation of D suggests to study a new first
order differential operator on the Clifford algebras R,, which behaves well w.r.t.
monogenic functions and also w.r.t. the powers of the (complete) Clifford variable.
This last property relates the operator with the theory of slice monogenic and slice
regular functions.

3.1 The Operators D,

Denote by ey, ..., e, the generators of R,,. Let x = ) ¢ xgeg be a Clifford number,
where K = (i, ..., i) is a multiindex, with 0 < |K| := k < n, the coefficients xg
are real numbers and e is the product of basis elements ex =e¢;, - - - ¢;, .
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Definition 6 Let D; = 2(6}(0 + eldx ) and Do = 2(6)(2 + e ) Forn > 1,
define recursively

Dp:=Dp1+eDy1,n. (33)

Here we consider R,,_1 embedded in R,, and D,,_1 , is the operator defined as D,,_1
w.r.t. the 2"~ variables x,, X1n, Xon, - - - » X115 - - -, X12...0. Since D, depends on all
the basis coordinates of R,,, we call it the full Dirac operator on R,,.

Remark 4 The operator D is the standard Cauchy-Riemann operator on the com-
plex plane C >~ R;. The operator D, is the same as the modified Cauchy-Riemann-
Fueter operator D on H ~ R:

D L2 + 0 + 0 0 (34)
=—|—+4+e1—+er— —ejp——
2 0x0 18x1 28x2 ]28x12

D3 =Dy + e3D3 3 has the following expression

D 1/ 0 te a n a n d 0 0
=—| — — rTé)y — rteée3— — — —eé13—
3 2 3)60 é 3)61 2 3)62 3 3)63 e 8x12 13 8x13

0 0 )
—exn—— —e123 .
0x23 0x123

Despite its recursive definition, the operator D, is symmetric w.r.t. the basis el-
ements e, ..., e,. More precisely, it has the following expression involving the re-
version anti-involution of R,,.

Proposition 6 The operator D,, can be written in the following form:

n:_ Z K (35)

\K |<n
. k(k—1) . . . . .
where e} = (=1)" 2 ek is obtained by applying to ex the reversion anti-
involution x — x*. Moreover,

1 9
Dy == e . 36
n—ln 2%‘;6” 9X(Hm) (0)

Proof D1 and D1 3 have the required form. Equations (35) and (36) follow from an
easy inductive argument. 0

On functions depending only on paravectors, the operator D, acts as %Wn where
W, is the Weyl (or Cauchy-Riemann) operator on R,,:

] "9
= — i—. 37
8x0+;el 0X; 37
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Corollary 5 Every monogenic function (i.e. in the kernel of 'W,,) defined on an open
subset of the paravector subspace R"T! C R, can be identified with an element of
kerD,,.

We can define also the conjugated operator D,, and the auxiliary operator Dr.

Definition 7

— 0 1/ 0 0 0 1/ 0 d
Di=—=-|——-ea1—|, QDT:T:— — te1—
dz1 2\ dxp dx1 d0zZ1 2\ dxp dx1

®n Zﬁn_l — enD

Dy =Dy | +enDu—tn

*
n—1,n>

where D7, and 5,,_1,,, are defined as D | and D,,_1 w.rt. the 21 variables
xn»xlna A 7~x12}’l7 .. 7x12~'~n‘

Still by induction, we obtain the following explicit forms for the operators D,

and D}, now involving the principal involution of R,,.

Proposition 7

Dn = > €K (38)

where éx = (—1)*ex is obtained by applying to ex the principal involution x + X.
Moreover,
a

3)61—1,, ’

1 d 1
D:ZE Z 6[{@ and @:_LnZEZEH (39)

|K|=n H#n

The differential operator

has already been considered in the literature (cf. [28] and [14]). The behavior of
D, w.r.t. power functions (see below Theorem 5) and the property stated in the next
remark indicate that the operators D,, are better suited than D* or D,, to the theory of
polynomials or more generally slice regular functions on a Clifford algebra. In [29]
Dirac operators on the subspace of /-vectors have been studied. They coincide (up
to sign) with the restriction of D,, to [-vectors. Since we are interested in the global
behavior of the operator on the algebra, the choice of the grade-depending sign for
the coefficients of D,, is essential.

Remark 5 The identity function x of R3 belongs to the kernel of D, and D3 (and
of course of the Cauchy-Riemann operator D). Starting from D1x =0, D1 2x =0
on R, we get recursively that D,x = 0 on R, for every n. Observe that even if
Dix = D] ,x =0, the identity function does not belong to the kernels of D} or D,
for every n.



110 A. Perotti

3.2 Slice Regularity and the Full Dirac Operators

We are interested in the values of D,, on polynomials ), x™ay,, in the complete
Clifford variable x. We start from the powers of x. To express our computation, we
need some definitions and results from the theory of slice regular functions on R,
(see [9, 10] where the theory of slice regularity is constructed in a greater generality,
for functions defined on a real alternative *-algebra).

Definition 8 Let 7(x) = x + X be the trace of x and n(x) = xx the (squared) norm
of x € R,,. The quadratic cone of R, is the subset

Q:=RU{xeR, |1(x) eR, n(x) €R, 4n(x) > t(x)*}.

(It can be seen that the last condition is automatically satisfied on R,,.)
LetS,:={Je€Q,|J?=—-1}={x eR, |t(x) =0, n(x)=1}. The elements of
S, are called square roots of —1 in the algebra R,,.

Proposition 8 ([9, 10]) The quadratic cone Q,, satisfies the following properties:
1) Q, =R, onlyforn=1,2.

(i1) 9, contains (properly) the subspace of paravectors

R .= {x = ZxKeK eR,
K

xg =0 for every K such that |K| > 1}.

(iii) 9Q, is the real algebraic subset (proper for n > 2) of R,, defined by the equations
xg =0, x-(xex) =0 Veg # 1 such thate%:], 40)

where x - y denotes the Euclidean scalar product on R, ~R?".
(iv) For J €8S, let Cyj = (1, J) >~ C be the subalgebra generated by J. Then

%=J¢Cy @1)

JeS,

and CyNCy =R foreveryI,J €S,, I #tJ. As a consequence, if x belongs
to Qy, also the powers x™ belong to the quadratic cone Q,,.

Slice regular functions are defined only on subdomains of the quadratic cone (we
refer to [9, 10] for full details). However, if the domain intersects the real axis, then
the class of slice regular functions coincides with the one of functions having local
power series expansion centered at real points.

Now we compute the values of D, (x™). We already know the result for n =2
(cf. Corollary 1): D, (x™) = 0 on the subset of reduced quaternions H3z C H ~ R;.
We can show that the behavior of D,, on the powers depends on the parity of n (as
many other properties of R,). In this scheme the quaternions (n = 2) are in some
sense exceptional.

Theorem 5 Let x = ZlKlsn xgeg be the complete Clifford variable in R,,. The
following facts hold:
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(1) If n is an odd integer, then D, (x™) = 0 on the whole algebra R, for every
integerm > 1.
(ii) Ifn is an even integer, n > 2, then D, (x™) = 0 on the quadratic cone Q, of R,
for every integer m > 1.
(iii)) Da(x™) = 0 on the subset of reduced quaternions Hz C Ry for every integer
m=>1.

In the proof of Theorem 5 we will apply the following algebraic lemma:

Lemma2 Let N =(1,...,n). Forevery x € R,, it holds

Z epxen = 2 (x, e, + X(1-n—1)€(l-n—1y) foroddn, (42)
Hzn
Z e*erH = 2"_1(x,,en +xyen) forevenn. 43)
H%n

Proof Leth =|H|, k =|K| and let oy g be the sign such that eyex =op kexen.
Then it holds

. h(h—1) 5 h(h—1) h(h+1)
ejxen =(=1)"2 > xgomxexey=(=1)" 7 Y xgoygex(—1) 2
K I3
h
=(=D ZXKGH,KEK- (44)
K

If i is the cardinality of H N K, then oy x = (—l)hk“. Therefore

> efxen :Z(Z(—l)h<k+l)+i>x1<e1(. (45)

Hzn K “Hzn

If k is even, then Y, (=TT =37, (— 1) =37, (=1)"7" counts
the difference between the number of the even and the odd subsets of the set
{1,...,n—1}\ K. Therefore the sum is zero unless n isoddand K = (1,...,n—1)
orniseven and K = (1,...,n). In both cases the sum is equal to on=1,

If k is odd, then ZHgn(—l)h(k“)*" = ZH;H(—I)" counts the difference be-
tween the number of even and odd subsets of K N {1,...,n — 1}. Then it is zero
unless K = (n). In this case, the sum is 2" L.

From these and (45) we get the statement of the lemma. O

Proof of Theorem 5 The third case (n = 2) has already been proved in Corollary 1.

Case (i): n odd. We show by induction on m that D,_1x™ = —e,D,_1 ,x™.
Since D,x = 0 (cf. Remark 5), the equality is valid for m = 1. Take m > 1 and
assume that D,,_x" ! = —enDn_l,nx”’_l. We have the following product formula
(obtained in a way similar to the n = 2 case of Proposition 3):

_ 1 _
Dy px™ = (Dn_l,nxm 1)x + 3 E epx™ ]e(Hn)
Hzn

= (Dn,])nxm_l)x + %(Z e}}xm_leH)en. (46)

HZn
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Since, from Lemma 2,
< > e*erH)en = 2" (—Xp + X1 n-1)eN), (47)
Hzn
the last term in Eq. (46) belongs to the center (1, ey) of R,,. Therefore, from (46)
we get
1
—enDp_1.2x™ = —ey (@n_lﬁnxm_l)x + > Z e*me_leH. (48)
HZn

On the other hand, we also have

1
Dy x™ = (D x™ Vx + 3 > eqx" ey (49)
H3Zn
and then the inductive hypothesis gives the equality D,_1x™ = —e,Dj—1 ,x™,

which is equivalent to D, x™ = 0.
Case (ii): n even, greater than 2. We show that

Dyx™ = (anm_l)x +2n-1 [xm_l]NeN, (50)
where [a]y denotes the coefficient of the pseudoscalar ey of the element a € R,,.
If m = 1, the equality (50) is true since D,x = 0. Let m > 1. Then it holds

Dpx™ =Dy_1x™ + engn—l,nxm

1
= (Dn_lxm_l)x + > Z eix" ey
H3n

1
+en<(Dn1’nxm_1)x+ 3 Ze*me_leHen>. (51)
H3n
From Lemma 2, since n is even we have
Ze?,xm_ley + e, Zeﬁ,xm_leyen :2"[xm_1]NeN (52)
H3zn H3zn

and therefore, from (51) and (52)

Dpx™ = (Dpx™ x4+ 2" [x" 7 en. (53)

Now we prove by induction on m that D, x™ vanishes on the quadratic cone Q,,. For
m =1, D,x =0 on the whole algebra. Let m > 1 and assume that D, x”~! =0 at
every point of Q,. Since the power function maps Q, in Q,, for every x € Q, we
have [x”~!]y = 0. The equality (53) and the inductive hypothesis allow to conclude
that D,x"™ =0 atx € Q,. O
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From the right linearity of the operators D,,, we get the following result.

Corollary 6 Let n > 3. Let p(x) = Zi:o xMay be a polynomial in the complete
Clifford variable x = Z\Klsrz xk ek with right Clifford coefficients. If n is odd, then
p is in the kernel of Dy,. If n is even, then the restriction of D, (p) to the quadratic
cone Q,, vanishes.

Polynomials p(x) = Zi:o x™a,, and convergent power series ) xKay with
right Clifford coefficients are examples of slice regular functions on the intersec-
tion of Q, with a ball centered in the origin (cf. [9, 10]). If n > 3, slice regularity
generalizes the concept of slice monogenic functions introduced in [4]: if f is slice
regular on a domain which intersects the real axis, then the restriction of f to the
set of paravectors is a slice monogenic function. Conversely, every slice monogenic
function is the restriction of a unique slice regular function. Since every slice mono-
genic function has a power expansions in the paravector variable, centered at points
of the real axis (cf. [4]), every slice monogenic f function has an extension f to on
open domain in R, which satisfies the property stated in Corollary 6: if n is odd,
then f is in the kernel of D,,. If n is even, then the restriction of D, ( f ) to the
quadratic cone Q,, vanishes.

The same property holds for slice regular functions on a domain £2 in Q, with
non empty intersection with R. If f is slice regular then it has local power series
expansion (in the complete Clifford variable) on an open neighborhood of every
real point. This can be seen using the Clifford operator norm (see [11, 7.20]) of R,,,
which reduces to the Clifford norm on the quadratic cone Q,,.

Remark 6 For n = 1, 2 the operators D,, are elliptic, since in this case

4D, Dy =4D, Dy = Apon. (54)
For n =3 it holds
4D3D3 =4D3D3 = Aps + L3, (55)
where
d 0 Jd 0 Jd 0 Jd 0
L= — o — . 56
3 (8)60 0x123  0x1 0x23 + 0x2 dx13  0X3 8X13>6123 (56)
Forn >4,
4D, Dy = Age + L, and 4D, D, = Ap + L), (57)
where
o 0 o 0
L, = Z t(eyexk)——=—— and L) = Z t(eney)—— (58)
HZK oxg 0xg HZK oxy dxg

(the summations are made over multiindices H, K without repetitions). For n > 4
the operators £, and £/, are different. In particular, for n > 3 the operators D,, are
not elliptic. Note that the symbol of the differential operator £3 is, up to a multi-
plicative constant, the polynomial xgx123 — x1x23 4+ x2x13 — x3x12 whose zero set
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is the normal cone of the Clifford algebra R3 (cf. [10] for its definition). A similar
relation holds for the symbols of £, and £/, and the equations of the normal cone
of R, forn > 3.

3.3 The Case of D3

In R3 can be introduced a particular algebraic decomposition in terms of paravector
variables. Denote by I = e1»3 the pseudoscalar of R3. The central idempotents /1 =
%(1 =+ 7) satisfy the properties

=1, 2=1_, I I =1_1,=0, I+1_=1. (59)

Let X = xo + x1e1 + xpey + x3e3 be the paravector variable and X' =x — X =
X12e12 + x13€13 + x23€23 + x123€123. We can define two new (rotated) paravector
variables Y = yo + y1e1 + y2e2 + y3ze3 and Z = z0 + z1e1 + 22€2 + z3e3 by setting

1 1
Y:E(X+X’I), Z:E(X—X’I), (60)
from which we get the decomposition
x=X+X'=Y4+Z+Y -2)=2YI, +2ZI . (61)

Since the multiplication by /1 gives two orthogonal projections, for every positive
integer m it holds

X" =QY)" I, + (2Z)"1_, (62)

and therefore for every polynomial, power series or in general for a slice regular
function f on a domain which intersects the real axis, we can write

f) =21+ fRZ)I-. (63)

The operator D3 decomposes as D3 = %(ax — Jx7), where dx = 0y, + €10y, +
€70y, + €30y, is the Weyl operator of R3 and dx’ = €120y, + €130x;; + €230xy; +
€1230x,,;. Denote by dy and 0z the Weyl operators w.r.t. Y and Z respectively. Then

1 1
ox = 5(3)/ +92), ox = 5(3)/ —0z)1, (64)
and therefore in the variables Y, Z the operator D3 has the following form:
D3y =10y + 140z =0yl +0z1;. (65)

This decomposition implies that a function f belongs to the kernel of D3 if and
only if its projections f_ := fI_ and fy := f I belong to the kernels of the Weyl
operators dy and dz respectively. In particular, every pair of arbitrary functions
g(Y), h(Z) define a function f (Y, Z) = I_h(Z) + I+.g(Y) in the kernel of D3. This
property shows again that D3 is not an elliptic operator, as can be seen also when
formula (55) is expressed in the variables Y, Z:

_ — 1 1
4D3D3 =4D3D3 = E(AY +Az)— E(AY —AI=1_Ay+1;:Az, (66)

where Ay is the Laplacian w.r.t. the variables yg, y1, y2, ¥3 and similarly for Az.
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3.4 The Space F(R2)

In view of the non-ellipticity of D3, we consider a proper subspace of ker D3. As we
will see in Corollary 7, this space extends the one of monogenic functions. Consider
the Laplacians Ax = dxdx, Ay =9y dx and A =09xdx + dx'dx’ = Aps.

Definition 9 Let £2 be an open subset of R3. We define
F(2):={feC ()| Dsf =0, Axdxf=0o0n2}.

The space F(§2) can be expressed in the paravector variables Y, Z in the way
described by the next proposition.

Proposition 9 Let 2 C R3 be open. Then
F(R2)={feC'(2)|D3f=0, Aydyf=Az3zf =00n2}.

Every f € F(82) is biharmonic on 2 (i.e. A%2f = 0) and also biharmonic w.rt.
the variables Y and Z separately. In particular, it is real analytic on $2. Moreover,
f=f—+ fy €F(2) if and only if its projections f_ and f satisfy

dy fo=Az0zf- =0, 0z f+ = Aydy f+ =0. (67)

Proof If D3f =0, then dx f = dy f. Therefore Af = (dxdx + dxdx)f =
2Ax f. Moreover, from (64) it follows that 97 f = (dx — [0x/) f = (0x — [9x) f =
21_0x f. Then

Azf=0707f=41_0x0x f =4Ax f- =2Af_ (68)

and therefore Azdzf = 8Axdxf—. A similar computation gives Aydy f =
8Axaxf+. Then Axaxf =0ifand only if Azazf = Ayayf =0.

If feF(R2),then 0=0323zA7f = A% f and 0 = dydy Ay f = A% f. From
these equalities we get AN = Azzf =0, 4A2f+ = A%,f =0 and then A% f =0:
f is biharmonic on £2.

The last statement is immediate from the decomposition (65) of Ds. O

Remark 7 The preceding proposition tells that every function in the space F(£2) is
(separately) holomorphic Cliffordian [17] in the paravector variables X, Y and Z.
Corollary 7 Every polynomial p(x) = anzo x™ay, in the complete Clifford vari-
able x = Z|K|§3 xgek belongs to F(R3). The same holds for every slice regular
Sfunction on a domain in the quadratic cone Q3 intersecting the real axis. If f(X)
is a function depending only on the paravector variable X of Rz, then f € JF if and
only if it is monogenic, i.e. dx f =0.

Proof From the algebraic decomposition (62), every power of x can be expressed
by means of powers of Y and Z. Since every power of a paravector variable X is
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holomorphic Cliffordian (cf. [17]), i.e. Axdx f = 0, the first two statements follow

from Theorem 5 and Corollary 6. The last statement is an immediate consequence
of Corollary 5. 0

Let B denote the eight-dimensional unit ball in R3. Let T ~ §3 x §3 be the
subset of the unit sphere 0B defined by T :={|Y| =|Z| =1/2} and P :={|Y| <
1/2} N{|Z| < 1/2}. Since |x|> =2|Y|> +2|Z|?>, PC B and T C 3P. We will call
T the distinguished boundary of P. Note that T is contained in the normal cone N3
of R3 (cf. [10]), which has equation |Y| = |Z| in the variables Y, Z.

Proposition 10 (Integral Representation Formula) There is an integral representa-
tion formula for functions f € F(P) N C*>(P) with the distinguished boundary T
as domain of integration. The values of f on P are determined by the values on T
of f, dx f and the second derivatives %(ax f) for multiindices K with |K| < 3.

Proof Consider the component f_ € 3(P). Since dy f— =0, we can apply the rep-
resentation formula for the Weyl operator dy (cf. [1]) and reconstruct f_ on the set
{IY| < 1/2,]1Z| = 1/2}. On functions in the class F(P), the operators dy and 9z
commute (see the proof of Proposition 9). Since dydz f— = dzdy f— = 0, we can
reconstruct also dz f— on the set {|Y| < 1/2, |Z| = 1/2}. Since Azdz f— =0, we
can now apply the integral representation formula for holomorphic Cliffordian func-
tions (see [17]) w.r.t. the paravector variable Z and obtain the values of f_ on P.
A similar reasoning for f gives the result. U
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A Note on Analytic Functionals on the Complex
Light Cone

Daniele C. Struppa

Abstract I use Ehrenpreis’ Fundamental Principle to reinterpret some results of
Morimoto and Fujita (Hiroshima Math. J. 25:493-512, 1995) on analytic functionals
on the complex light cone. I then show how these ideas can be used to generalize
such results to the bicomplex and multicomplex setting.

1 Introduction and Notations

In this brief note, I would like to point out how the Fundamental Principle of Ehren-
preis [6] can be used to interpret, revisit, and generalize to the bicomplex and multi-
complex setting some results obtained by Morimoto and Fujita in [8]. In this paper
I will only sketch the general ideas and the possible directions to be pursued, and a
full treatment of this topic will be given in the forthcoming [13].

Let us set a few notations. Let z = (z1, . .., Zy+1) be the variable in C"*! and let
I:={zeC!: Z% +- ziH = 0} be the so-called complex light cone. We will
denote by & the sheaf of germs of holomorphic functions, so that &(C"*1) is the
space of entire functions on C"*!, and &(I") is the space of holomorphic functions
on I". Note that this second space is defined as the quotient

ﬁ(cn+1)

1
where [ is the ideal generated in &(C"*!) by the polynomial A(z) := z% + 4
z}zz +1- The reason for the use of the letter A for this polynomial consists in the fact

that such polynomial is in fact the symbol of the complex Laplacian, namely of the
differential operator

o) =

9? 9?
A= — 4+
2 2z
9z 0z, 14
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acting on holomorphic functions. Another important space that will be needed is the
space of entire functions of exponential type, and its analog on the variety I". In this
case one has that the space of entire functions of exponential type is given by

Exp((C"'H) = {f € ﬁ((C”H) : ‘f(z)| < Aexp(Blz|), for some A, B > 0},

with a similar definition for Exp(I”). Finally, we recall that these spaces are all
topological vector spaces, whose topologies are well known and are described for
example in [14]; we can therefore study their strong duals (as customary, if X is a
topological vector space, we will indicate by X’ its strong dual), which are spaces
of objects that can be considered as generalizations of analytic functionals. Specifi-
cally, @’ (C"*1) is the usual space of analytic functionals, while the dual Exp’(C"*1)
of Exp(C™*1) is a space which properly contains analytic functionals. A similar
commentary can be made for the dual of the spaces of holomorphic functions on the
variety I".

In [8], the authors use a Fourier-Borel transform for such (generalized) function-
als to prove some topological dualities. Specifically they show that

o' (M) ={feBxp(C™): A(f) =0}, (1)
and that
Exp' (M) = | feo(C™): A(f)=0}. )

In this paper I will show how these results can be seen in the framework of
Ehrenpreis’ Fundamental Principle, and I will outline a few related issues and con-
nections with the theory of bicomplex (and multicomplex) numbers, that are ripe for
discussion, and which will be addressed in more detail in [13].

2 Ehrenpreis’ Fundamental Principle and the Duality Theorems

In 1960 Leon Ehrenpreis announced [5] his Fundamental Principle for Systems of
Linear Constant Coefficients Partial Differential Operators (or Fundamental Prin-
ciple in short), whose full proof was later given in [6] and independently in [9].
The Fundamental Principle applies to systems of such differential equations in
what Ehrenpreis called Localizable Analytically Uniform Spaces (LAU-spaces).
The technical definition of such spaces is rather complex, but for our purposes it
suffices to think of them as topological vector spaces of generalized functions X
such that their dual X’ is topologically isomorphic (via some variation of the Fourier
transform) to a space of entire functions satisfying suitable growth conditions at in-
finity. The theory of such spaces is described in detail in [6, 9], and a comprehensive
survey is given in [2]. Among the many examples of LAU-spaces, two are important
for our discussion. The first is the space & (C"*1y of entire functions, and the second
is the space Exp(C"*!) of entire functions of exponential type. These two spaces
are particularly important, and crucially connected, because they are the dual of
each other, so that the space of analytic functionals is topologically isomorphic (via
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the Fourier-Borel transform) to the space of entire functions of exponential type.
Similarly, the space of linear continuous functionals on the space of entire functions
of exponential type is topologically isomorphic to the space of entire functions.

The importance of LAU-spaces was made evident by the Fundamental Principle,
which can be stated as follows. Let X be an LAU-space of generalized functions
in n variables, and let P;(D),..., P.(D) be r differential operators with constant
coefficients, whose symbols are the polynomials Py, ..., P.. Let now X P denote the
space of generalized functions in X which are solutions of the system P (D) f =
... = P,(D) f = 0. The Fundamental Principle states that every element f in X
can be represented as

t
10 =3 [ outxrexpiz ) dyu(a
k=1 Vi

where the Qy’s are polynomials and the p;’s are bounded measures supported by
a certain finite family of algebraic subvarieties Vy of V ={z € C": Pi(z) =--- =
P.(z) = 0}. The representation is a pointwise representation when the elements of
X are actual functions (as it is the case with X = & or X = Exp), while it has to be
interpreted in the sense of generalized functions otherwise.

What is interesting from our point of view, however, is that the Fundamental Prin-
ciple is an almost immediate consequence of what Ehrenpreis called the Structure
Theorem, namely the existence of a topological isomorphism between the space X¥
and the dual of a space of holomorphic functions satisfying suitable growth condi-
tions on the union of the varieties V. The proof of the theorem is quite complicated,
and even decades after Ehrenpreis’ original announcement, it is still the subject of
analysis and reinterpretations. The crux of the proof, however, is the understanding
of the nature of the growth conditions that must be satisfied by holomorphic func-
tions on the variety V for the duality to take place. Such growth conditions must
be imposed not just on the functions, but also on suitable derivatives that somehow
incorporate the multiplicities related to the polynomials P;.

This said, in some cases this result can be remarkably simplified. For example,
when r = 1, i.e. there is just a single differential equation, then one can consider
the variety V = {z € C" : P;(z) = 0}, and if the variety does not have components
with higher multiplicity than one, then the Qy are constant polynomials, and the Vj
are the algebraic varieties whose union is all of V. In this case, the definition of the
space of holomorphic functions satisfying growth conditions on V turns out to be
the obvious one, namely these are functions which are defined on V, and that satisfy
(no request here on the derivatives) the expected growth.

This is clearly the case when we are considering, as a single differential operator,
the complex Laplacian. Then the variety that Ehrenpreis’ Fundamental Principle
requires us to consider is exactly the complex light cone I, and since &' and Exp
are dual to each other, one can apply the Fundamental Principle (or, more properly,
the Structure Theorem) to obtain directly both (1) and (2).
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3 Complex Laplacian and Bicomplex Numbers

The study of the complex Laplacian is strictly intertwined with the theory of bi-
complex and multicomplex numbers. Without giving many details (for which we
refer the reader to the fairly comprehensive recent references [3, 7, 11, 12]), we re-
call that the set BC of bicomplex numbers is defined as the set of numbers of the
form Z = z1 + jz», where z; and z; are complex numbers, and j is an imaginary
unit that commutes with the usual imaginary unit i. There is by now a very well
developed (and quite interesting) theory for bicomplex valued functions defined on
open sets in BC, which can be represented as power series in Z. As it turns out,
such functions are bicomplex holomorphic, in the sense that they admit bicomplex
derivative, and satisfy a suitable system of first order differential equations, akin to
the classical Cauchy-Riemann system (see [1] for the origins and first steps in this
theory). In the theory of such functions, the complex light cone in two dimensions,
ie. I' ={(z1,22): z% + z% = 0}, plays a very important role as it coincides with the
set of zero-divisors in BC. Similarly, the complex Laplacian plays also a prominent
role because it can be factored as the product of two linear operators, one of which
is the bicomplex differentiation.

As we mentioned before, bicomplex holomorphic functions are naturally con-
nected to some sort of Cauchy-Riemann system. To be more precise, a function

f:U CBC— BC

can obviously be written as f(z1,z2) = u(z1, z2) + jv(z1, 22), and the condition
of bicomplex holomorphicity on f is equivalent to the request that # and v are
holomorphic functions of two variables, satisfying the additional Cauchy-Riemann
like system

— = —— an = .

dz1 922 071 022
Thus, Ehrenpreis’ Fundamental Principle immediately applies to bicomplex
holomorphic functions, as they are solutions, in a LAU-space, of a system of linear
constant coefficients partial differential equations. As such, one can give a suitable
integral representation for bicomplex holomorphic functions, or regard them as suit-
able functionals on a space of functions of exponential type on the variety associated
to the system (3), which not surprisingly turns out to be the complex light cone. As
solutions of systems of linear constant coefficients differential equations, the space
of bicomplex holomorphic function is, by itself, an LAU-space, and it would be
interesting to develop the analog of the Fundamental Principle for bicomplex holo-
morphic solutions of differential equations. Indeed, one should even explore the
possibility (just like in the case of holomorphic functions) of studying infinite order
differential operators on the space of bicomplex holomorphic functions. It is well
known that in the usual holomorphic case, such operators are nothing but analytic
functionals carried by the origin, and as such they can be thought of as hyperfunc-
tions with support in the origin, in view of the Martineau-Harvey theorem. Since a
theory of bicomplex (and multicomplex) hyperfunctions has been studied as well,

u dv d ov 3_u 3)



A Note on Analytic Functionals on the Complex Light Cone 123

[4, 15], it is natural to explore how this would play out in this context (again, we
refer the reader to [13] where these ideas are developed further). One can imag-
ine that the variety which would act as support for the integral representation for
solutions of such differential operators would be the intersection of the complex
light cone and the variety associated to the infinite order differential operator (such
a variety would not be algebraic, so any such result would need to include a ver-
sion of the Fundamental Principle in line with the ideas developed in [10]). I would
like to conclude this section with a brief mention of what we could envision if we
were to now consider functions defined on IB%(Cz, a space that is also referred to as
the multicomplex space BCs3. The elements of this space are pairs of bicomplex
numbers 2 = (Z1, Z,), which can also be thought of as multicomplex numbers
% =71 +i3Z,, where i1 and i correspond to the two imaginary units i, j in BC,
and i3 is a third imaginary unit that also commutes with the other two. Then one
could consider the bicomplex Laplacian defined by
a a

BA = —5 + PR
ZF  9z3

whose symbol is now Z % + Z%. If we denote by I" once again the bicomplex light
cone obtained as the set I' = {(Z, Z;) € BCs : Z% +72= 0}, then one should be
able to use the same ideas highlighted in the previous section to identify the strong
dual of the set of multicomplex holomorphic functions on I" with a suitable space of

multicomplex holomorphic functions of exponential growth, satisfying the equation
BA(F)=0.
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The S-spectrum for Some Classes of Matrices

Mihaela B. Vajiac

Abstract In this paper we find the S-spectrum of operators given by particular
classes of matrices, following the work of Colombo, Sabadini, Struppa and others.
We treat the cases of general triangular matrices, some symmetric matrices and the
special cases of Jacobi and resolvent matrices acting on respective Clifford algebras.

1 Introduction

The goal of this paper is to determine the S-spectrum of operators defined by certain
real matrices Ay, ..., Ay, with r > 2, and of some quaternionic matrices. In [17] and
the many papers [3—6] preceding it, the authors set the basis for the S-functional cal-
culus [8, 11, 12] and stressed the importance of computing values f (A, ..., A,) for
f aslice monogenic functions in a neighborhood of the S-spectrum of Ay, ..., A,.
This paper aims to provide examples of calculus of the S-spectrum for some classes
of matrices.

The S-functional calculus retains most of the properties of the Riesz-Dunford
functional calculus for a single operator. We mention here that there exists a quater-
nionic version of the S-functional calculus, also called quaternionic functional cal-
culus and, in its more general setting, can be found in [3, 4].

In the literature there exist other notions of spectra for r-tuples of operators, for
example the joint spectrum see [20] or the monogenic spectrum, see [18, 19]. How-
ever, these notions of spectra differ from the S-spectrum since they are related to
different classes of functions. The advantage of the use of the class of slice mono-
genic functions is that they allow a functional calculus for r-tuples of operators,
commuting or non-commuting, bounded or unbounded, hence it can be viewed for
the most general setting.

The theory of slice monogenic functions, mainly developed in the papers [2,
5, 10, 14-16] turned out to be very important because of its applications to these
most general type of operators. The paper [9] introduced the notion of S-spectrum
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of r-tuples of not necessarily commuting operators, followed by a flurry of papers
in this direction [6, 8, 11, 12]. Their work is related to the work of Jefferies and
coauthors, see [18, 19] since it makes use of the Clifford algebra setting. This is a
non-commutative setting, thus the computations are more complicated. The advan-
tage of this type of functional calculus is that it allows to have a closed form for the
resolvent operator.

The novelty of the present paper consists of the systematic treatment of the com-
putation of S-spectrum for certain types of matrices. In particular we treat the cases
of general triangular matrices, special symmetric matrices and the special cases of
Jacobi, resolvent, and Hankel matrices acting on respective Clifford algebras.

We also point out that, in the case of commuting 7-tuples of operators the compu-
tations of the S-spectrum can be usually simplified, by computing the F-spectrum
instead (see [6, 7, 13]).

2 Notions of Functional Calculus

For consistency of the presentation, we give a brief introduction of functional cal-
culus following the notations and definitions introduced in [17], as well as the main
theorems of Functional Calculus. We denote by V a Banach space over R with norm
| - |lyv and we set V,, :=V ® R,,, where R, is the real Clifford algebra. For an in-
troduction to Clifford Analysis we refer the reader to [1]. We recall that V,, is a
two-sided Banach module over R, and its elements are of the type AVA ®ea,
where A =iy...i,, with i < --- < i, is a multi-index, and iy € {1,2,...,n}. The
right and left multiplications of an element v € V,, with a scalar a € R, are defined
as:

va = Z vA ® (eaa)
A

and

av = ZUA ® (aeyp).
A

For simplicity of the presentation we will use the shortcut notation ), vaeq
instead of > A4 VA ® es. We define the norm of elements in V,, by:

2 . 2
i3, =D lvally.
A

Let B(V) be the space of bounded R-homomorphisms of the Banach space V into
itself endowed with the natural norm denoted by || - ||g(v). If T4 € B(V), we can
define the operator 7 =) 4, ea T4 and its actionon v =) 5 vgep by:

T()=Y Ta(vp)eaes.

A,B
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The set of all such bounded operators is denoted by B, (V;,) and the norm is defined
by

1T 1B, vy = Y _ I TallBey)-
A

We will omit the subscript B,,(V,,) in the norm of an operator when it is clear in
context. Note also that ||T'S|| < ||T||||S||. A bounded operator T = Tp + 27:1 e;jTj,
where T, € B(V) for u =0,1,...,n, will be called (abusing the terminology) an
operator in paravector form. The set of such operators will be denoted by Bg‘l V).
The set of bounded operators of the type T = Z’}:l e;T;, where T, € B(V) for

w=1,...,n, will be denoted by B,%(Vn) and we will call T an operator in vector
form.

There is a natural embedding of B,ll (V) in B,?’] (V) and we will deal mostly with
operators in vector form. The subset of the operators in B,ll(Vn) whose components
commute among themselves will be denoted by BC}, (V) and, similarly, we denote
by ZS’CS’1 (Vi) the set of paravector operators with commuting components.

‘We now recall some results introduced in [17]. Since we now want to construct
a functional calculus for noncommuting operators we consider the noncommutative
Cauchy kernel series in which we formally replace the paravector x by the paravec-
tor operator 7, whose components do not necessarily commute. So we define the
noncommutative Cauchy kernel operator series as follows.

Definition 1 Let T € B,?’l (V,) and s € R"*!. The S-resolvent operator series is:
ST, T):=) 17" (1)
n>0

for ||T|| < |s|, where |s| is the Euclidean norm of the paravector s.

The most surprising fact is the following theorem that opens the way to the func-
tional calculus for noncommuting operators.

Theorem 1 Let T € BY'(V,) and s € R"!. Then
> 1T = (T2 — 2T Re[s] + [s*Z) ™ (T —3D), )

n>0
for ||T|| < |s|, where S is the conjugate of the paravector s.

The theorem above shows that even when the components of the operator T =
To+e1Th + -+ e, T, do not necessarily commute, the sum of the series remains
the same as in the case of a paravector x. We can then define in a consistent way the
S-spectrum set as follows:

Definition 2 Let T € B,?’l(Vn) and s € R"*!. We define the S-spectrum of T by:
os(T):={s € R"™" | T2 — 2Re[s]T + |s|*Z is not invertible}.
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The S-resolvent set of T is defined by:
ps(T) :=R"\ as(T).

Definition 3 Let T € BS’I(V,I) and s € ps(T). We define the S-resolvent operator
as:

S7Us, T) := —(T? = 2Re[sIT + [s]T) (T —5T).
The S-resolvent operator satisfies the following resolvent equation:

Theorem 2 Let T € BS’I(VH) ands € ps(T). Let S~'(s, T) be the S-resolvent op-
erator. Then S~\(s, T) satisfies the S-resolvent equation

STNs, T)s—TS (s, T)=T.
The following theorem gives the structure of the S-spectrum.

Theorem 3 Let T € Bg’l(Vn) and suppose that p = po + p belongs to os(T) with
P # 0. Then all the elements of the (n — 1)-sphere [p] belong to o5(T).

This result implies that if p € os(T) then either p is a real point or the
whole (n — 1)-sphere [p] belongs to os(7T). For bounded paravector operators the
S-spectrum shares the same properties with the usual spectrum of a single operator,
namely the spectrum is a compact and nonempty set:

Theorem 4 Let T € Bg’l (V). Then the S-spectrum os(T) is a compact nonempty
set. Moreover, as(T) is contained in {s e R"*1 | |s| < | T|[}.

Without going into details, we recall the notion of F-spectrum which was intro-
duced for the first time in the paper [13], where the authors defined the F-functional
calculus. This is based on the integral version of the Fueter-Sce mapping theorem,
and it associates to every slice monogenic function a function of operators f (T),
where f is a subclass of the standard monogenic functions in the sense of Dirac. In
this case the F-spectrum is defined as follows:

Definition 4 Let T € 82’1(Vn), the F-spectrum of T is defined as:
or(T)={se R | s> —s(T+T)+TT is not invertible}.

For example in dimension 2, if T = Ty + T1e1 + Trez, then T =Ty—Tie; — Tres,
T+T = 2Tp, and TT = TO2 + le + T22. In general, if T has commuting components,
it is important to note that os(7T) = o (T), since the latter is easier to calculate.

More details of the F-spectrum can be found in [7, 13].

The remainder of the paper is structured in several sections where we compute
the S-spectrum for several types of operators given by certain types of matrices.
We begin with the operator 7 =Y/, A;e; given by k X k real triangular matrices
A1, ..., A,. This operator is acting on (R,)* in the usual way.
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3 Triangular Matrices as Operators on R,,

3.1 Two 2 x 2 Triangular Matrices

As a warm-up exercise we start with 2 x 2 triangular matrices on R;, which yields
insights on resolving the general case. However, this case is simplified by the fact
that elements in R, are invertible. Consider the operator T = Aje; + Ajep, with
Ai=[4G bi ], where all a;, b;, ¢; € R. Then

1
ci

T2 —2Re[s|T + |s|*] = [g ‘g} ,

which is not invertible if and only if there exist a non-zero element v = [ﬁ; ] where

v; € Ry, such that
a Bl|vi|_1|0
0 6 vl 0]

This is equivalent to vy + Bvy = dvp = 0. Separating v; and «, 8, § in components,
we obtain:

v = v? + vilel + v,-262 + v,~3€1€2,

o= —a]2 — a% —2sp(arer +azen) + |s|2,

B =—bi(ar +c1) — ba(az + c2) + (ba(a1 — 1) + bi(c2 — a2))eren
—2so(b1e1 + baer),

§= —c% — c% — 2so(crer + cre2) + |s|2.

From the equation §v, = 0 we have:

(_C12 - C% —2so(crer + cren) + |s|2)v2 =0,

yielding two cases: v, =0, or —c% — c% —2so(crer + crex) + Is|> =0.

In the second case, we have so = 0 and sl2 + s% = c% + c% or the special case
Sogﬁoandcl =Cz=0.

In the first case, if vo = 0 then Av; =0 and v # 0, therefore

—a% — a% —2sp(are; +azer) + |s|2 =0.
Thus s9 =0 and s12 + s% = a% + a% or the special case 5o # 0 and a; =a> =0.
Summarizing, we obtain the following result:

Theorem 5 The operator T = Aye) + Azea, has the following spherical spectrum:

US(T)=S={SGR3 |s0=0, |S|2=C%+C§ 0r|s|2=a%+a§}.
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3.2 Three 2 x 2 Triangular Matrices

For three 2 x 2 triangular matrices we build the operator 7 = Aje; + Aszez + Azes,
acting on vectors with elements in R3. As before, if A; = [’6‘ }C’f ], where a;, b;, ¢;,

are real numbers we have:

T? —2Re[s|T + |s|*I = [“ ’3} ,

0 ¢
where:
o= —a% — a% — a% —2so(are1 + azer) + |s|2,
3 3
,3 = Z(aibj — ajb,- —i—bl‘Cj — bjci)e,-ej - Z(Cl,’bi —i—bic,-) — ZSOZbieiv
i<j i=1 i=1

6= —C% — C% — C% —2so(cirer + crer + c3e3) + |S|2.

Then T2 — 2Re[s]T + |s|?] is not invertible if and only if there exist a non-zero
element v = [3; ], where v; € R3, such that

o S]-0)

equivalently av| 4+ Bvy = dvy =0, where v; € R3, hence not invertible anymore.

However, in the last equation dv, =0, § is a paravector, therefore invertible, so
this equation will yield either 6 = 0 or vy = 0. If v, = 0 then the first equation
becomes av; = 0, and we obtain a similar characterization of the S-spectrum as
follows:

Theorem 6 Let T = Aje; + Ajer + Azes, where A; are triangular matrices as
above, then the spectrum is given by:
os(T)={seR?|6=00ra =0}

={seR?|so=0, s =c}+c3+c3or s =af +a3 +a3}.

3.3 k x k Triangular Matrices

For the general case of k x k real triangular matrices which build an operator 7T =
Y ', Aie; on R, we can use the methods of the previous example. The arguments
are similar, as the components of the resulting matrix 7> — 2Re[s]T + |s|*/ will be
paravectors, even if the matrix acts on R,,. Consider 7' = Zl’-l_l Aje; where

i i i
ap ap ap o apy

i i i
0 ay ay - ay
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Then the resolvent 72 — 2Re[s]T + |s|?/ is given by the following matrix:

21 Ty Iz -+ T
0 $2o Iz -+ Iy
0 0 0 - 2

where

n n
i\2
Qj=- Z(a;) — 250 Zaiei + Is|%,
i=1 i=1
for all 1 < j <k are paravectors, as well as all other I} -

In the same fashion as the 2 x 2 case, we analyze the system given by
(T? — 2Re[s]T + |s|21)V =0, where V is a column of elements v; € R,,. The last
equation is

2rvr =0,
and, since

n n

2 =— Z(a,i)z — 250 Zaiei + |S|2

i=1 i=1
is a paravector, it yields either

n
~S7(a)* ~ 250 Y aier +Is* =0,
i=1

or v; = 0. The discussion continues in the same fashion, and we obtain the following
general characterization of the spectrum of this type of operator:

Theorem 7 Consider Ay, ..., A, k X k triangular matrices and the operator T =
Y i1 Aie; acting on columns of elements in R,,. Then the spectrum of the operator
T is:

n n

os(T)=1{s¢€ R"*! | s0=0, |s|2 = Z(ai)z, or..., or |s|2 = Z(a,i)z

i=1 i=1

4 Symmetric Matrices

4.1 Special Symmetric Matrices

We will treat here the case of operators obtained from special symmetric matrices
Ai=[} ﬁf |- For T = Z?: | Aiei, the resolvent operator becomes:

3 3
T? —2Re[s]T +|s|*I ==Y A7 =250 ) Ajei +s1.

i=1 i=l1
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and we analyze the system (T2 — 2Re[s]T + |s|21 )V =0, where the components
of V are v; = gi1 + e3qi2, elements of R3. The system is equivalent to:

Cvi + Dvy = Dv; + Cvy =0,

where:

3
Z ((@)®+ )?) + sl —2soZa,e,

i=1
and

3 3
D= —ZZaib,’ — 250217,'6,'
i=1 i=1

are paravectors, therefore invertible if non-zero.

The spectrum will then contain the set: {s € R4 | so =0, |s|2 = ?:1(ai)2 +
(b;)?}, predicting a more complicated spectrum for general symmetric matrices,
which are treated below.

4.2 General Symmetric Matrices

The case of operators obtained from general symmetric matrices becomes difficult
even for 2 x 2 matrices. If we let T = Aje; + Ayes + Azes, with A; = [b lzi]
symmetric matrices of real numbers, we have:

2, _|a B
—2Re[s]T+|s|I—[V 3},

where:
3 3 3
2 2 2
_Zai _Zbi —2S0261i€i + IsI%,
i=1 i=1 i=1

3 3
ﬂ = Z(a,'bj — ajb,- + b,'Cj — bjci)eiej — Z(a,'b,' + b,‘C,‘) — Q,Sozbiei,
i<j i=1 =
3 3
_Z(aibj —ajb; +bicj —bjci)ejej — Z(aibi + bici) —2s0 Zbié’i,
i<j i=1 i=1

3 3 3

2 2 2

——E bi—é Cl-—ZS()E ciei + |s|”.
i=1 i=1 i=1

Again, to find the S-spectrum of 7" we have to find conditions for which the system
(T?—2Re[s]T +|s|>1)V =0, has a non-degenerate solution, where the components
v; = qi1 + e3qi2 of V are elements of R3. The system becomes av| + Bvy = yv; +
Svp =0.
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Consider the case 8§ =0, then so = 0 and |s|*> = Z?:l bi2 + Z?:l cl.z, then

3 3
_ 2 2
“—Zci —Z“w
i=1 i=1

3
B=) (aibj—a;b; +bicj —bjc)eie; — ¥ _(aibi +bici),
i<j i=1
3
y = _Z(aibj —ajbi +bicj —bjci)ejej — Z(aibi + bici),

i<j i=l
§=0,

and the last equation of the system (T? —2Re[s]T + |s|2I )V =0, with the compo-
nents v; = ¢g;1 + e3qi> of V in R3, becomes yv; = 0.
Rewriting

A= Z(aibi + bici),
® = (a1b3 — azby + bics — bzc1)er + (az2b3 — azby + bacs — bico)en,
¥ = (a1by — axby + bicy — bycy)eren,

and separating the equation y vy =0, in its components, we obtain:

—Aq +Pq12 —¥q11 =0,
—Aqi2 — Pq11 — ¥q12=0.

If @ =0 then both g;; = g12 = 0, otherwise, since @ is a paravector, it will have

an inverse @ 1 = —ﬁ@ and we can solve the system as follows: g2p = oA+

W)go1 and (—@ — (A + ¥)P (A + W¥))ga1 =0. So, if g21 and g2 are non-zero
then —@ — (A+ V)P ' (A+¥)=0,0r @|P|> = (A+¥V)D(A+ ¥).

‘We obtain an equivalent case when o = 0, and the spectrum will contain the sets:
{seR*la=0}and {s € R*| 8§ =0}, or, equivalently, {s € R* |50 =0, |s|*> =
Yi_i(@)?+ (bi)*} and {s € RY [ 50 =0, Is|> = Y7_; (b)? + ()2}

We should also note that for an operator formed by two symmetric matrices 7 =
Aje1 + Ajer this becomes a special case of Hankel matrix treated in the next section.

5 Other Special Matrices

5.1 The Jordan Matrix

We consider the operator given by the Jordan matrix in the quaternionic (H = Rj)
case and calculate its spectrum as follows.
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Let T = J,,(g) the Jordan matrix given by:

g 1.0 0
0 g 1 - 0
Im@=|{. . . . .|
000 - g

where g € H. To simplify this operator, we decompose it: T = g1, + A,, where the
matrix A, is:

01 0 0

0 0 1 0
An = Do

0 0 O 0

Then, we have that 7% = g21, + 2q A + B, where the matrix B, is given by:
001 0--- 0
00 0 1--- 0
By = oo : :
000 0. 0
Therefore we have:
T? —2Re[sIT + Is|*T = (¢ — 2s0q + Is|*) I, + (2 — 2509) Ay, + By
Rewriting o = g2 — 2soq + |s|? and 8 = 2g — 2s0q, then the system
(T? —2Re[sIT + |s|*1)Q =0,

(where Q is a column of quaternions ¢; € H) becomes:

aqi + Bg2 +q3 =0,
aqx + Bq3 +q4 =0,

agn—2 + Bgn—1+ qn =0,
agn—1+ ,Bqn =0,
agn, =0.
Working backwards from the last equation, we have thato« =0 or g, =0.If g, =0

then the previous equation becomes «g,—1 = 0 and so forth, and we obtain the
following representation of the S-spectrum of 7':
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Theorem 8 The spectrum of the operator T = J,,(q), where J,,(q) is the Jordan
matrix

g 1.0 - 0
0 g 1 - 0

Im@=1. . . . .|
00 0 q

for any q € Hl, is given by:
os(T)={seH|a=0}={seH|q*—2s0g +Is/*=0}.

This spectrum coincides with the sphere defined by ¢, denoted by [¢].

5.2 A Special Resolvent Matrix

We will remain for a while longer in the quaternionic case H = Rj, and we will
consider the operator given by a special resolvent matrix:

10 - 0
q 1 .. 0
Rn(q)z . : : . s
qk qn;l .; i

for g € H a fixed quaternion. Just as in the previous case we decompose: T = I, +
A,,, where the matrix A, is:

0 0 0 0 0
q 0 0 - 0 0
An:= . . . . . N
qn—l qn—2 qn—3 g 0
and we obtain 72 = I, + 24, + Aﬁ. A quick computation yields the matrix:
0 0 0 -+ 0 00
0 0 0 -0 00
) q° 0 0 . 0 00
A, = 243 q? 0 0 0 0]

(n=2¢""" (=3)¢"7 (-4¢" - 4> 0 0

therefore:
T? —2Re[sIT + Is|*T = (1 — 250 + |s|*) I + (2 — 250) Ay + AZ.
Rewriting o = 1 — 250 + |s|> and By = (k + 1 — 2s0)g*, 1 <k <n —1 the sys-

tem (T2 — 2Re[s]T + |s|?1)Q = 0 (where Q is a column of quaternions ¢g; € H)
becomes:
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agqr =0,

Biq1 +aq2 =0,

B2g1 + B1g2 + g3 =0,

B3q1 + B2g2 + B1g3 +aqa =0,

Bn—2q1 + Bn—392+ -+ + P1gn—2 + agn_1 =0,
Bn—-191 + Pn—2q2 + -+ + Bi1gn—1 + g, =0.
It is easy to see that « = 0 or g; = 0. If g; = 0 then the next equation becomes

ag> = 0 and so forth, so we obtain the following representation of the S-spectrum
of T:

Theorem 9 The spectrum of the operator T = R, (q), where R, (q) is the resolvent
matrix

1 0 0

q 1 ... 0
Rn(q) = : : : N

q.n q,,',l : 1

for any q € H, is given by:
os(T)={seH|a=0}={seH|1—2s+s]*=0].

Reordering the terms above, this spectrum coincides with the real point 1.

5.3 The Hankel Matrix

We now turn to the operator given by the Hankel matrix:

Ho 1 N |
M1 M2 Mm
Fm = . . . . s
Mm—1 Mm - H2m=2

where w ; € H. This case has not been solved yet in full generality, but in the case
m = 2 we have a representation of the spectrum. In this case the matrix is a 2 x 2
symmetric matrix of quaternions:

Py (MO m)’
H1 o M2
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where (o, 11, 2 € H. For T = I'>, we obtain the resolvent operator:

T? _ 2Re[s|T + |s|°1 = <M%+M% —2sopo0+ IsI* o1 + pmima — 201 )

Mipo + Moy — 2501 13 4 i — 2soun + Is|?
Rewriting T2 — 2Re[s]T + [s|*] = (é g), the system
(T? —2Re[sIT +[s|*1)Q =0

becomes: Aq; + Bga = Cq1 + Dgr =0.
If either g1 = 0 or g2 = 0 we obtain A = C = 0 or, equivalently B = D =0 and
the spectrum given by

g+t — 25010 + Is1* = g1 o + ot — 2501 =0,

or

o + pipa — 25001 = 3 4 ui — 2so2 + Is|> = 0.

If neither ¢; = 0 nor ¢ = 0, then the spectrum is given by either AD™!C4+B =0
or DB~ A 4 C = 0. The final form of the characterization of this spectrum is quite
messy and we choose to leave it in this form. The general Hankel case should prove
challenging and will become the object of further study.

As an example of this computation we offer the particular case of the Hankel

matrix:
e e
F2=( ! 2 )
€ e€1e

the S-spectrum is given by: {s € R3 |50 =0, |s|*> =2+ +/2}, which we leave as an
exercise to the reader.

5.4 Pauli Matrices

In the case of two 2 x 2 Pauli matrices the S-spectrum and the monogenic spectrum
have been calculated in [17]. The case of three 4 x 4 Pauli matrices yielding the
operator T = o1e + o2e2 + 03e3 on R3 proves more challenging, where

0 010 0 0 0 -1
01:0001 6220010
1 0 0 0}’ 0O 1 0 0}
01 00 -1 0 0 O
1 0 0 O
U3=0100
0O 0 -1 0}
00 0 -1
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are the three 4 x 4 Pauli matrices. A simple step yields:

e3 0 e —e
0 ez e el

r= ey e e3 0 ’
—ey e 0 e
followed by:
=3  2ejep 2e3e; 2ezes
T2 2esre =3 2epe3 2e3ey
T | 2e1e3 2e2e3 =3 2ene
263 en 261 e3 281 en -3
equivalently:
-3 2e1en  —2e1e3  2epe;
T2 _ —26162 -3 26263 —261@3
| 2e1e5  2eze3 -3 —2e1en
—2ere3  2eies  2ejep -3

Then the matrix for the resolvent operator T2 — 2s0T + |s|21 becomes:

—3 —2spe3 + \S|2 2e1ep 2e3ey — 2speq 2epe3 + 2spen
2ereq —3 —2spe3 + |S|2 2epe3 — 2spen 2e3e1 — 2speq
2e1e3 — 2speq 2ere3 — 2spen -3+ 2spe3 + |S|2 2epeq ’
2e3en + 2spen 2e1e3 — 2spe 2e1en -3+ 2spe3 + Is|?

and we apply this to a column of elements in R3.

Using Computer Algebra Systems (e.g. Maple) we were able to derive the solu-
tion to the spectrum of this operator, albeit a long and intricate formula that, for the
sake of the presentation, we will not write in this present paper. We will just mention
that the spectrum of this operator includes the set: {s € R* | so =0 and |s|2 =3}
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Regular Composition for Slice-Regular
Functions of Quaternionic Variable

Fabio Vlacci

Abstract In general (see e.g. Cartan in Elementary Theory of Analytic Functions
of One or Several Complex Variables, 1963), given two (formal) power series
gx)y=bo+xby+---+x"b, +--- and f(x) = xa; + --- + x"a, + --- (with
ap = f(0) =0) it is well known that the composition of g with f, in symbols
g(f(x)), is a formal power series when coefficients a; and by are taken in a com-
mutative field. Furthermore, if the constant term ag of the power series f is not 0,
the existence of the composition g( f (x)) has been an open problem for many years
and only recently has received some partial answers (see Gan and Knox in Int. J.
Math. Math. Sci. 30:761-770, 2002). The notion of slice-regularity, recently intro-
duced by Gentili and Struppa (Adv. Math. 216:279-301, 2007), for functions in the
non-commutative division algebra H of quaternions guarantees their quaternionic
analyticity but the non—commutativity of the product in H requires special atten-
tion even to define their multiplication (see also Gentili and Stoppato in Michigan
Math. J. 56:655-667, 2008). In this paper we face the problem of defining the (slice-
regular) composition g © f of two slice-regular functions f, g; this turns out to be
defined as an extension of the standard composition g o f of functions in a non-
commutative setting which takes into account a non-commutative version of Bell
polynomials and a generalization of the Faa di Bruno Formula.

1 Introduction to Slice-Regularity in H

We recall that the algebra of quaternions H consists of numbers xo +ix1 + jxy +kx3
where x; is real (/ =0,...,3), and i, j, k, are imaginary units (i.e. their square
equals —1) such that ij = —ji =k, jk=—kj =i, and ki = —ik = j. In this way,
H can be considered as a vector space over the real numbers of dimension 4. Given
a generic element g = xo + ix| + jxz + kx3 of H we define in a natural fashion its
conjugate g = xo —ix] — jxp —kx3, and its square norm 1> =qq = Zi>0 x,%. The
set S = {g € H: ¢> = —1} will be referred to as the sphere of imaginary units of H.
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The following is immediate and yet important

Proposition 1 For any non-real quaternion w, there exist, and are unique, x,y € R
with y > 0, and an imaginary unit I, such that w = x + yI,.

Definition 1 Given any imaginary unit /, the set R 4+ R/ will be denoted by L;.

Notice that after identifying the imaginary unit 7, in H with the imaginary unit
i of C, the set L;, may be considered as a complex plane in H passing through 0, 1
and w. In this way, H can be obtained as an infinite union of complex planes (which
will be also called slices).

Definition 2 If £2 is a domain in H, a real differentiable function f : £2 — H is
said to be slice-regular if, for every I € Sk, its restriction f; to the complex line
L7 =R+ RJ passing through the origin and containing 1 and 7 is holomorphic on
£2NLy.

In particular any slice-regular function is C* in B(0, R).! Actually, something
more is proven in [5]:

Theorem 1 A function f : B = B(0, R) — K is regular if, and only if, it has a
series expansion of the form

8"
f@ —Zq = Zf{

converging in B. In particular if f is regular then it is C* in B.

For an introductory survey on slice-regular functions we refer the interested
reader to [7].

Let f(q) = :{;’8 q"a, be a given slice-regular function whose associated
quaternionic power series has radius of convergence R > 0 and consider the quater-
nionic power series with real coefficients +°° 04" la|; it also has radius of conver-
gence R, because, according to Hadamard’s Formula (seee.g. [1]),

1/limsup,_, o, la,] I/nif the lim sup is finite and different from 0

R=10 if limsup,_, o |a,|'/"

= +OO
+o00 if limsup,,_, o la,|'/" =0.

Therefore the function

+00
s Z q"lan|
n=0

I'This smoothness is considered with respect to the so called Cullen derivative d¢ (see also [2, 5])
+00 _n

which is well-defined for slice-regular functions as follows: if f(g) = Zn —04q"an then dc f(q) ==

~+00 n—1
a1 1q" " ay.
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(denoted by f,55(z)) is a slice-regular function in B(0, R) with the property that for
any I € S, we have fu;s(Ly) C Ly.

2 Non-commutative Bell Polynomials and Slice-Regular
Composition

Let k = (k1, k2, ..., k) € N" be a given multiindex; we set
kl:=kilka!- - k!
k| :=ki+ky+-- +ky
Ikl :=k1 4+ 2ka + - - - + nk,.

Then for n > 1, we define

n! v\ (»2\° i\
lkll=n

where y; are elements of a commutative algebra; we observe that these polynomials
satisfy the recursive equation

n

n
Bipi=Y (k)Bnkyk+1 ()

k=0
with the initial condition By = 1. These polynomials are called Bell polynomials. If
one decomposes B, into its homogeneous2 parts B, 4 (withd =1,2,...,n), one
can write

n
Bn = Z Bn,d
d=1

and obtain

k k k
. nl v\ ()7 yn\"
Bya(y1,-..,yn) = E E(F) . (5 )
[lkl|=n, |k|=d

The homogeneous polynomials B, 4 appear in the expression of the n-th derivative
of the chain rule, namely

Proposition 2 (Faa di Bruno Formula) Ifh =g o f, then

RO ) =Y Bua(f (), [, .0 £ @) - gD (f (). ©))
d=1

2 A polynomial B, 4 is homogeneous of degree d if

Bua(ly1, Ay2, ..., M) =29 By a1, y2, .., Yn)
for any A.
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In [8], the authors extend the notion of Bell polynomials to the setting of a non-
commutative algebra .« with unit and obtain their explicit expressions, namely

n

~ n—1\/ny—1 ng—1 — 1

Bn,d = Z l ( ny )( n3 ) < ng YngYng_1—ng *** Ynp—n3Yn—ny
=

forn >d > 2 and Eo =1, El = y1. It is then natural to consider
n
Bn = Z Bn,d-
d=1

These polynomials also satisfy the analogous of Eq. (1); in particular, because of
the non-commutativity of multiplication, if instead of

n
~ n\ ~
Bii=) <k> By kyisi 3)

k=0

(with the initial condition §0 = 1) one considers the condition

n

~ n ~
Bii=) <k>yk+13n_k )

k=0

n
~ n—1\/n,—1 ng—1 —1
O S o (i) B ) M

for n >d > 2 and §0 =1, E] = y1. Moreover the expressions of l?md can be
also inductively obtained by means of a derivation® D plus the multiplication from
the left of an element of «7. In fact, if we adopt the notation D(y) = y’ and
D(y® D) = y™  the (non-commutative) Bell polynomials which satisfy (3) are
uniquely determined by

Buvi(v.y' Yy =D+ »Bu(y. ¥y . y"Y),  Bo=1,
where

(D+y)B:=D(B) +yB;

3 A derivation is an endomorphism
D:o — o

of an associative (generally non-commutative) algebra <7 with unit 1, such that D(y; - y2) = D(y1)-
y2 4+ y1 - D(y2). In particular D(1) =0.
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for (non-commutative) Bell polynomials which satisfy (4) one hag to consider the
action 0£ (D+y) on the right. Thus one immediately observes that B, 1(y1, 2, ..., ¥n) =

yn and By, (y1, y2, ..., yn) = y{; more in general
Bi(yn) =
Ba(y1, y2) =y»n+ i
B3(y1,y2,y3)  =y3+ yyi+2yiy2  + N
[ S ——

B3 2(y1,y2,¥3)

Ba(y1.y2, ¥3, ¥4) = 4 + v3y1 +3¥3 +3y1y3 + y2ayi + 2y1v2y3 + 3yiya + v}

Ba2(y1,y2,y3) Ba3(y1,¥2,¥3,y4)

In any case, it turns out that

n
|§n(y17 7yn)| S Z|§n,d()’1~--v)’n)|

d=1
n
<Y Baa(yil--slyal) =Bu(yil, o bal). )
d=1
Assume now two slice-regular functions f(g) = :28 q"a, and g(q) = :Zof) q"b,

are given. Since f(0) = ap and ¢ f (0) = n!ay, in analogy to (2), we define g% f(q)
to be the slice regular function

+00
g9f (@) =) q"cn
n=0
whose coefficients are given by
1 n
co=g(ao),  cn=— Y Bua(a,2a,...,nlay) - g (@), n=1, (6
nt =

with En,d the corresponding non-commutative Bell polynomial. In particular, if
f(0) =0=ap, then we have

1 &~
= — 'B 2las, ..., n! -b,.
Cn n!;d nd(ar,2lay, ... nlay) - by

Clearly, from (5), for n > 1, one has

1w ~
lenl = — D | Braar,2laz, ... nlan)| - [¢ (o)
d=1

1 n
<= Buallail, 2aal, ... nllayl) - [ o) (7)
d=1
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and the last sum of the right-hand side in the previous inequality corresponds to
the coefficients of the power expansion of gups o faps. In other words, we have the
following

Proposition 3 Given two slice-regular functions f(q) = :ﬁg q"a, and g(q) =
Z:ZO?) q" by, in H, if the composition gups o fabs Of the corresponding associated abs-
power series exists and have radius of convergence R then it is possible to define
the slice-regular function g® f for q such that |q| < R in terms of the power series

+00
g9f(@)=>_q"cn
n=0

where the coefficients are given in (6).

Proof Indeed, the coefficients given in (6) satisfy inequality (7) and this guaran-
tees the convergence of the series Z::og q"cy for any ¢ such that |¢| < R. Finally,
because of Theorem 1, the function

+00
g ancn
n=0
is slice-regular. g

Remark 1 The functions f,,s and gups have power series expansions whose coef-
ficients are real numbers, so all the classical results in [1] (and more recent ones
in [3]) which provide sufficient conditions for the existence of the composition of
formal power series with coefficients in a commutative field apply. In particular the
composition gups © faps exists if ag = 0.

Remark 2 Since apparently associativity of the product is never applied, a simi-
lar result should hold true also for slice-regular functions of octonionic variable
(see [6]).
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